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THE INDEX OF REFRACTION OF GASES. 
By JANET TUCKER HOWELL. 


NUMBER of laws have been formulated to: express the relation 
between the index of refraction of a substance and its density. 
Gladstone and Dale! first proposed the empirical relation 


p— I 
d 





= constant. 


This equation is the one most generally used as it holds within experi- 
mental error for the range of densities usually investigated. The most 
serious rival to the law of Gladstone and Dale is the relation proposed 
by H. A. Lorentz;? namely, 
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Steet 

(u? + 2)d 
For gases, at low pressures, this amounts to the same thing as the law of 
Gladstone and Dale, since u is so nearly equal to I. 


= constant. 


wet (- itt) _ 2u—1 


(u@+2)d (w+2)d 3 d 

But at sufficiently high pressures it should be possible to tell which law is 
better. This has been tried by several investigators, but with discordant 
results. 

Mascart,* using an interference method, found that, for air, w — I 
increased more rapidly than the pressure. 

Chappuis and Riviére* found that, for air and carbon dioxide, uw — I 
is proportional to the density up to 20 atmospheres. 





1 Phil. Trans., p. 887, 1858; p. 317, 1863. 

? Lorentz, Theory of Electrons, p. 143. 

3 Comptes Rendues (78), p. 617, 1874. 

4 Ann. de Chim. et de Physique (14), p. 5, 1888. 
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Carnazzi,! working with a prism, found that (uw — 1)/d increased for 
air and decreased for carbon dioxide as the pressure was increased. 

Gale,’ with a modification of the Jamin refractometer, found that, for 
air, there is no more than .1 per cent. departure from (u — 1)/d = con- 
stant, up to 20 atmospheres. 

Magri*® measured the refractive index of air by means of a Jamin 
refractometer, varying the pressure from I to 176 atmospheres. Com- 
paring (u — 1)/d, (uw? — 1)/d, and (u — 1)/((w? + 1)d), he found that the 
last function is the only one that remains constant. 

This work was originally undertaken with the intention of investigating 
the effect of density on the index of refraction of several gases, up to 200 
or 300 atmospheres. Owing to the difficulty of constructing a bomb for 
holding the interference apparatus that was capable of standing such 
high pressures, these experiments were delayed and the work reported 
here was carried out as a preliminary investigation. It is an attempt to 
extend the dispersion curves of several gases as far as possible into the 
ultra-violet, as the method employed is admirably suited to this work. 
This method, involving the use of a Fabry and Perot interferometer in 
connection with a spectroscope, has several advantages over the usual 
method with the Jamin refractometer for certain fields of work. The 
temperature can be more easily controlled, and, since it is not necessary 
to count the number of interference bands going by for a change of pres- 
sure of an atmosphere, it is possible to work in the ultra-violet region. 
Miss Matthews‘ used this method in investigating the effect of change 
of temperature on the index of refraction at constant pressure and found 
it very satisfactory. 

A great deal of work has been done on the indices of refraction of gases 
in the visible spectrum—the most recent being that of C. and M. Cuth- 
bertson. Using a Jamin refractometer they determined the indices of 
refraction of air, oxygen, nitrogen, hydrogen,’ neon,® krypton, xenon, 
helium, and argon,’ between \ 6563 and \ 4861. 

Rentschler,’ using a Fabry and Perot interferometer and a concave 
grating, determined the indices of refraction of air, nitrogen, oxygen, 
carbon dioxide and carbon monoxide, from \ 5769 to A 3341. His inter- 
ferometer plates were silvered and, as the reflecting power of silver is low 


111 Nuovo Cimento (6), p. 385, 1897. 

2 Puys. REV. (14), p. I, 1902. 

3 Phys. Zeitschr.’ (6), p. 629, 1905. 

4 Journal of the Franklin Inst., p. 673, June, 1914. 
5 Proc. Roy. Soc. (83), p. 151, 1909. 

€ Proc. Roy. Soc. (83), p. 149, 1909. 

7 Proc. Roy. Soc. (81), p. 440, 1908. 

8 Astro. Jour. (28), p. 345, 1908. 
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between \ 2280 and \ 3150, he was unable to extend his readings any 
further. 

With interferometer plates nickeled by cathode discharge, and by using 
a Fabry and Perot interferometer in connection with a quartz spectro- 
graph, I have been able to extend the dispersion curve of air to \ 2652 
and those of hydrogen, oxygen, and carbon dioxide to \ 2753. From the 
values found for the indices of refraction the dispersion formulae of these 
gases were calculated by the method of least squares. 


APPARATUS. 

The apparatus is shown in Fig. 1. Light from the source S is focused 
on the quartz window A of the tube H containing the interferometer 
plates C, by means of the quartz lens L. The tube H is immersed in a 
constant temperature oil bath B. A lead pipe M leads to a manometer 
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Fig. 1. 


and pump so that the pressure can be changed and read. The tempera- 
ture seldom varied more than .05° C. during an exposure and with air, 
the pressure was kept constant to within 2 mm. With the other gases 
it was found more difficult to regulate the pressure, but the change 
during an exposure was never greater than 1 cm. and usually much less. 
The interferometer C consists of two plane parallel quartz plates nickeled 
by cathode discharge. They are separated a constant distance d by an 
etalon so that 2d = .952 cm. approximately. After passing through 
the interferometer plates, the light goes through the quartz window A’, 
is turned by the right-angled quartz prism D so that it falls on the 
concave speculum mirror E which brings the ring system to a focus at F. 
F is the slit of a Hilger quartz spectrograph, size c, giving a spectrum 
200 mm. long from \ 2100 to A 8000. 


SOURCE OF LIGHT. 
A glass helium tube was used for wave-lengths between \ 6678 and 
\ 3188. For shorter wave-lengths this was replaced by a quartz mercury 
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arc. It was found impossible to get interference bands with wave- 
lengths below \ 2652 with the nickeled plates used. Photographs were 
taken with water-cooled arcs in a vacuum as the source of light. Cd, Zn, 
Cu, Bi, Al, Co, Ni, Fe, Ag, Sn, Al, and brass were tried, usually with 
the hotter electrode brass so that it would not melt during a long exposure. 
Cd, Zn, Cu, Al, Sn, and brass gave some good lines for longer wave- 
lengths, Cd being the best, but there were no good lines below \ 2652. 
Therefore the idea of using a metallic arc in a vacuum was given up and 
the He tube and the Hg arc were used entirely. 


PuRITY OF GASES. 


The gases used were air, oxygen, hydrogen and carbon dioxide. The 
oxygen was 98 per cent. to 99 per cent. pure, the hydrogen was prepared 
electrolytically and was 99.8 per cent. pure. Commercial carbon dioxide 
was used and its purity cannot be vouched for, but, as the dispersion 
curve found is almost identical with that of Rentschler, the purity of the 
gas is probably the same and the curve may be considered as an extension 
of his. 

METHOD. 


In calculating the index of refraction of any line the following procedure 
was used. Two exposures were taken on one plate, one at atmospheric 
pressure, the other with the pressure reduced almost to a vacuum. 
During the two exposures the temperature was kept constant. Before 
taking the photograph the number of whole bands going by for this 
change in pressure was counted for one of the visible lines. Knowing the 
number of whole bands going by for this line, the fraction was found in 
the following way: 

In Fig. 2 we have the line \ 5876 at low and at atmospheric pressure. 
As the first two rings were always too broad to set on with accuracy, the 
diameters of the third to seventh rings were measured in both A and B, 
and, from the formula D.? — D?? = (8R?/P), the constant (8R?/P) was 
determined. D,; and D, are the diameters of any two successive rings. 
P is the order of the ring system and R is the focal length of the concave 
mirror which focuses the ring system on the slit of the spectroscope. As 
P is of the order of magnitude of 25,000 and changes about 15 to 20 
in going from the third ring at atmospheric to the seventh at low pressure, 
the error introduced by averaging the value of (8R?/P) from the diameters 
in both A and B is entirely negligible. 
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a 
p= Pi +P, (1) 
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where ? is the order of interference at the center, P; is the order of the 
first ring, and x, is the angular diameter of the ring. Then the fraction 
of a ring that has passed the center is 


mt _ PD? 


tied ee @) 


where R is the focal length of the mirror and D, is the diameter of the 
ring of order P;. (8R?/P) is averaged for all the rings as described above. 
Then measuring the diameter of the third ring and substituting in (2) 
we get 

pb — Ps; = 2 + a fraction. 


And, in the same way, for each diameter we get a whole number + a 
fraction, the fraction being the same for all rings of photograph B. In 
this way, the fraction is determined for atmospheric and then for low 
pressure, and the difference between these two fractions (atmospheric— 
low) will give the fraction of a band that has gone by for the change in 
pressure used. The whole number has been counted visually so that 


the whole number + the fraction = k, the total shift in interference 
bands for the known change in pressure. 
Then 
ky k 
h- T= 2d = p 


d is the distance in cm. between the interferometer plates; p is the order 
at the center; d and \ are known, so that p can be found, and, knowing 
p and k, we get uw — 1, where uy is the index of refraction. 

This having been done for one line in the visible spectrum, values can 
be found for the neighboring lines and in this way the readings may be 
extended into the ultra-violet. The fraction is found in the same way, 
and the whole number can be obtained from the whole number of the 
line above since, with this method, very few whole bands go by and, if six 
is the right number, five or seven will throw the values very far off the 
curve. The value of the result depends entirely on the accuracy with 
which the fraction is determined. 

The values of » — 1 are reduced to standard conditions by means of 
the following equation 


un 


76 
2 = 1) sunowe = (us — D2 (1 +4). 


p: is the difference in pressure used to calculate mw; and 4; is the temperature 
of the bath during the exposure. 
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RESULTs. 


The indices of refraction of the different gases investigated are given 
in Table I. at 0° C. and 76 cm. pressure. The dispersion curves are 
shown in Figs. 3 and 4. In Table I. the wave-length given as \ 3022 isa 
double line \ 3021 and \ 3023. 
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Fig. 3. 


Dispersion Curves: I., Air; II., Oxygen. Abscissae: A in Angstrom units. 


Ordinates: (u — 1). 
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Fig. 4. 


Dispersion Curves: III., Carbon Dioxide; IV., Hydrogen. Abscisse: A in 


Angstrom units, Ordinates: (u — 1). 


DISPERSION FORMUL. 
Ar. 


It has been customary to express dispersion curves in terms of the 


Cauchy formula 
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TABLE I. 

Ain A. U. | Air(u—t). =| Oxygen (u—t). | Hydrogen (u—1).! CO» (u—1). 
6678 (He) .00029120 .00027083 .00044379 
5876 (He) .00029196 .00027184 .00014105 .00044531 
5016 (He) .00029350 .00027401 .00044750 
4916 (Hg) | .00014203 
4713 (He) | 00029440 00027511 .00014238 .00044906 
4471 (He) | 00029555 .00027631 .00014280 .00045119 

4026 (He) .00014440 .00045414 
3965 (He) .00029800 
3889 (He) .00027965 
3820 (He) | .00045638 
3341 (Hg) | .00014737 
3188 (He) 00030430 | .00028793 .00046549 
3022 (Hg) 00030662 .00029119 .00014973 .00046929 
2967 (Hg) .00030737 
2894 (Hg) .00030902 | .00029360 .00015061 .00047137 
2753 (Hg) | 00032423 .00015187 .00047617 
2652 (Hg) | 00031400 | 

b c 


w-1T=a+ Qty 
although no theoretical importance can be attached toit. It is therefore 
given here so that the results can be compared with those of other 
observers. 

Cuthbertson finds! 








13.38 5.0 
uw — I = .00028854 + x 108 + x 10%" 
Kayser and Runge give? 
13.16 3.16 
MK — I = .00028787 + x 108 + x! 10%" 


| Rentschler gives’ 








_ 3.80 1.23 
| wa — I = .0002903 + x 108 + x 10%" 
As a result of this investigation the formula is found to be 
11.83 | 4.6 
t a — I = .00028817 + Y 108 + x 10%” 


which differs very little from the formula of Kayser and Runge. 
The observed and calculated values are given below in Table II. 
1Proc. Roy. Soc. (83), p. 151, 1909. 


2 Ann. d. Physik (50), p. 293, 1893. 
3 Astro. Jour. (28), p. 345, 1908. 














SECOND 














88 JANET TUCKER HOWELL. ——- 
TABLE II. 

A(AU.). y= (Obs). ur (Cale). 
6678 .00029120 -00029106 
5876 .00029196 .00029198 
5016 .00029350 .00029359 
4713 .00029440 .00029444 
4471 .00029555 .00029524 
3965 .00029800 .00029756 
3188 -00030430 -00030427 
3022 -00030662 -00030663 
2967 .00030737 .00030754 
2894 -00030902 .00030884 


26520 — ,00031400 00031429 


The mechanical theory of dispersion and the electrical theory for 
transparent media lead to the Sellmeier formula 

DW 
h? = An?’ 





wo—-i=2 


where D is a constant and },, is the wave-length of the free vibration of 
the electron. In the case of two absorption bands, one in the red and 
one in the violet, the formula takes the form 

DY’ DY 
w— Ar? Ww — A?" 





r-is 


D, is negative if \,2 > d*. For the dispersion formula of air the values 
of D, and ,? were found by using the values of the index of refraction of 
the wave-lengths \ 2894 and \ 2652, and substituting in 

Dw 
~ NF = Ay? 
D, = 5.7 X 107%. 
dw” = .6455 X 107°. 





ot | 


Using these constants and the values of uw for \ 6678 and \ 5876 and sub- 


stituting in 
P DW ‘“ DY 
2— , = —— —. ' 
s Po AS” om AD 


the two other constants were determined. 
D, = — 8.067 X 107°. 
A? .IOII6 X 107°. 


So that the Sellmeier formula for air is found to be 
5-7 ¥ 10 ___ 8.067 10% 
” — .6455 X 10°19 =)? — .10116 X 107°" 
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The observed and calculated values of uw? — 1 for the intermediate wave- 
lengths are given in Table III. 





TABLE III. 
A (A. U.). | u2—1 (Obs.). w2—r (Sellmeier) Calc. u2—x (Cauchy) Calc. 
5016 .000 587 086 .000 587 053 .000 587 286 
4713 .000 588 887 .000 588 860 -000 588 966 
4471 .000 591 187 .000 590 931 .000 590 567 
3965 .000 596 089 .000 595 676 .000 595 230 
3188 .000 608 692 .000 609 460 .000 608 630 
3022 .000 613 330 .090 613 160 .000 613 350 
2967 .000 615 130 .000 615 770 .000 615 170 








The agreement of the calculated with the observed values is about the 
same for the two formulae. The Sellmeier formula is however the more 
interesting of the two on account of the theoretical value of the constants. 
The values of \, and X, for air cannot be taken to indicate definite 
absorption bands. They give the middle of regions of absorption in 
the red and violet, the absorption in the red being due probably to traces 
of water vapor. 

Hydrogen. 

It was found impossible to calculate the Sellmeier formula as there is 

no absorption band near enough to the region observed. The Cauchy 


formula found is 
8 1.36 


X10 T Xt ror’ 





uw — I = .000 138 76+ 


Cuthbertson gives! 





7.61 
ee | .000 136 23 (1 + ) 


x 101! 


1.0367 





.000 136 23 + 


The calculated and observed values are given in Table IV. 

It is possible, from the dispersion curve of hydrogen, to calculate the 
ratio of e/E, where e is the charge on the dispersion electron and E the 
charge on the hydrogen ion. Rutherford in his recent atomic theory 
has assumed that the hydrogen atom consists of a single electron and a 
nucleus with one + charge. Bohr? has found this theory successful in 
explaining the laws of spectral series for hydrogen and we may assume 
therefore that theoretically the ratio of e/E should equal unity. 


1Proc. Roy. Soc. (83), p. 151, 1909. 
2 Phil. Mag. (26), pp. 1, 476, 1913. 
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SERIES, 
TABLE IV. 

MAU)  =~—Oodss~<it*é‘ nt OS™” ono. 
5876 .000 141 05 000 141 17 
4916 | .000 142 03 .000 142 30 
4713 .000 142 38 .000 142 64 
4471 | .000 142 80 .000 143 10 
4026 .000 144 40 .000 144 21 
3341 | .000 147 37 .000 147 02 
3022 | .000 149 73 .000 149 15 
2894 | .000 150 61 .000 150 25 


2753 «000 151 87 si 1151 68 


The method of calculating e/E is as follows. Assuming 


" Ne’ 

2— ;, = ———_-,, 
“ rm(n — n*) 
Then, since n2 — 1 = 2(u — 1) for gases 


Ne? 
 2arm(ne — n?)’ 





n= Ss 
where N = no. of atoms in I c.c. of gas, 
n = the frequency of the wave-length observed, 
mo = the frequency of the free period of the electron, 
m = the mass of the dispersion electron, 
e = the charge on the dispersion electron. 


Eliminating mo? between two similar equations we get 


waar L(y (i) 


where V is the velocity of light. Therefore from two values of uw a 
value can be found for Ne?/2mm. Then assuming (e/m) = 5.1 X 10", 
we find Ne. By electrolysis 





Ne? I I ) 
27M \pi — I fe — I 


NE = 2.45 X 10", 


where E = the charge on the hydrogen ion. Taking the ratio we find 
e/E, which theoretically should equal unity. 
Campbell,! using Ketteler’s values for the dispersion of hydrogen, found 


Cuthbertson,” from his values, found 


1 Modern Electrical Theory (1st edition), p. go. 
2 Proc. Roy. Soc. (83), p. 151, 1909. 
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From the dispersion curve of hydrogen found in this work, the following 
values of e/E were calculated (Table V.). 


TABLE V. 

° E 
2753-3022 1.08 
2753-3341 95 
2753-4026 .93 
2753-4916 .90 
2753-5875 92 
2894-3341 .93 
2894-4026 92 
2894-4916 88 

; 2894-5876 91 
3022-3341 85 

3341-4026 91 

3341-5876 .90 

4026-5876 .90 

4916-5876 1.14 

Mean = .94 


This value of e/E shows that the assumption that the hydrogen atom 
consists of a single electron and a nucleus carrying one positive charge— 
an assumption that is so well justified by Bohr’s work! on spectral series 
—is also justified by the dispersion curve of hydrogen. 


Oxygen. 

The oxygen dispersion curve rises so steeply in the ultra-violet that it 
was impossible to find constants in the Cauchy equation to fit the shor 
wave-length end of the curve. The following equation fits the curve in 
the region of longer wave-lengths. 


1.2 4 1.06 
x 10!4 v4 1078 s 





a — I = .000 2674 + 


Cuthbertson? gives 





_ 7-33 ) 


.000 265 09 ( I+ x 10H 


1.943 
Ds 104 F 





.000 265 09 + 


Rentschler gives* 


1 Phil. Mag. (26), pp. 1, 476, 1913. 
2 Proc. Roy. Soc. (83), p. 151, 1909. 
3 Astro. Jour. (28), p. 345, 1908. 
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3.72 1.26 
2 10% + 103° 





&— I = .000 269 74 + 


It was found impossible to derive a satisfactory Sellmeier formula from 
the curve. Probably the reason for this is that the dispersion is in- 
fluenced by too many absorption bands to be adequately represented by 
a formula of two terms. The observed values and those calculated from 
the Cauchy equation are given in Table VI. 








TABLE VI. 

A (A. U.). (u—1) Obs. (u—t1) Calc. 
6678 | 000 270 83 000 270 62 
5876 | 000 271 84 000 271 75 
5016 | 000 274 01 000 273 80 
4713 | 000 275 11 000 274 95 
4471 | 000 276 31 000 276 05 
3889 | 000 279 65 | 000 279 93 
3188 | 000 287 93 000 289 48 
3022 | 000 291 19 000 293 22 
2894 | 000 293 60 000 296 81 


2753 | 000 324 23 000 301 65 














Carbon Dioxide. 

The dispersion curve for carbon dioxide is very flat in the region in- 
vestigated so that only the Cauchy formula was calculated. The formula 
found is 
2.58 2.3 
? rol + eal 





uw — I = .000 4375 + 


Rentschler! gives 


16.55 4.03 
B— T= 000 449 04 ~ 2 me 102!" 





The observed and calculated values are as follows (Table VII.). 


SUMMARY. 


The result of this work has been to extend the dispersion curves of 
oxygen, hydrogen and carbon dioxide to \ 2753 and the dispersion curve 
of air to \ 2652. In regions previously investigated these curves agree 
well with those of other observers. 

From the hydrogen curve the calculated value of e/E, the ratio of the 
charge on the electron to the charge on the ion, is found to be .94. This 
agrees remarkably well with the theoretical value 1 which follows from 


1 Astro. Jour. (28), p. 345, 1908. 
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TABLE VII. 

A (A, U.). (« —1) Obs, (u —1) Calc, 
6678 .000 443 79 | .000 443 40 
5876 .000 445 31 .000 445 16 
5016 .000 447 50 .000 448 11 
4713 .000 449 06 .000 449 58 
4471 .000 451 19 .000 450 98 
4026 .000 454 14 .000 454 29 
3820 .000 456 38 .000 456 26 
3188 .000 465 49 .000 465 32 
3022 .000 469 29 .000 468 52 
2894 .000 471 37 | .000 471 58 
2753 .000 476 17 .000 475 54 


the assumptions on which the recent atomic theory of Rutherford is 
based. The method employed in this work is therefore found capable of 
very great accuracy for a small range of pressure change. Preliminary 
tests with large changes of pressure give indications of success in this 
direction although the large shift in interference bands may make it 
necessary to confine the work to the visible spectrum, where the whole 
number of bands going by can be counted. 





In conclusion, I wish to thank Dr. James Barnes, at whose suggestion 
and under whose direction this investigation is being carried out, for the 
help and advice he has given me and the interest he has taken in the work. 


BRYN MAwr COLLEGE, 
BRYN Mawr, Pa. 
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CHANGE OF PHASE UNDER PRESSURE.! 


II. NEw MELTING CURVES WITH A GENERAL THERMODYNAMIC 
DISCUSSION OF MELTING. 


By P. W. BRIDGMAN. 


THERMODYNAMIC SPECIFICATIONS OF THE MELTING CURVE. 


The equation of the melting curve in terms of the characteristic equa- 
tions of solid and liquid may be found as follows. In the following the 
subscript (1) will refer to the liquid, and (2) to the solid. It is to be 
noticed, however, that the analysis applies to any two different phases, 
whatever their nature. The same equations will be used again in dis- 
cussing polymorphic transformations of solids. 

We know that along the melting curve the thermodynamic potential 
Z, (= E —tS+ pv), is the same for the two phases, that is Z; = Ze. 
If now, we know a single point on the melting curve, (foto), we can de- 
termine the equation of the curve. For we have 

dZ 
ap) 


Hence if we know Z at A (see Fig. 21), we find Z at C by integrating 
(0Z/d7r), from A to B, and (0Z/dp), from B to C. 


= 7 
T 


and 











Fig. 21. 


The paths followed in the integration for finding the difference of thermodynamic potential 
between liquid and solid. 


Hence along AB, 
, " 1aZ 
Z(t’) =Zo+ (=) de. 
TO T Pp 


1 Concluded from preceding number. 
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But 


az) - -s=-[s+ (> =) ar J=-[s+6 log — =|. 


This assumes that C, is constant over the range in question. The 
equations are seen to give a good approximation, for variations of the 
first order in C, produce variations of only the second order in Z. Sub- 


stituting the values above and integrating gives: 
, 


Z(por’) = Zo — (So — Cy)(1r’ — 10) — Cor’ log—. 
0 
Similarly along BC we have 


Zip") = Zipor) +f (32) ap, 
Po 
If now we abbreviate the thermal expansion, (dv/d7),, by 6, and the com- 
pressibility, considered as positive, by a (a = — (0v/dp),), we shall 
have, 


I (2 5). = L wdp = [vo + B(r’ — 70) — a(p — po)|dp 


= (0 — po) [00 + B(x" - 20) — Sp" — po) J, 
and finally, 


Z(p's’) = Z(horo) + (p’ — po) [ « + B(x" — 10) — ; (p" - ps) | 


— (So — Cp)(r’ — 10) — Cor’ log. 


If now we insert the subscripts (1) and (2) to indicate liquid and solid, and 
put 

Zi(p'r’) = Z2(p’7’ 
we have an equation for the melting curve. If we furthermore ab- 
breviated (0v;/07), — (0v2/87), by AB, etc., the equation of the melting 
curve takes the form: 


(p — po)[Av + AB(r — to) — gAa(p — fo)] — (ASo — AC;)(r — 70) 
T 
— ACy,r log o = 0. 


This equation holds only over a pressure range within which a, 6, and 
C, may be regarded as constant; this condition is not satisfied over the 
pressure range of this paper. In fact, it is the variations in Aa, AB, and 
AC, that are of chief importance in determining the shape of the curve 


over any extended pressure range. This is suggested by what occurs in 
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one simple case. If we assume that AC, = 0, the curve crosses the pres- 
sure axis twice, rising to a maximum temperature at some intervening 
pressure. But we have seen that this maximum temperature does not 
occur in nature. One important reason for this is that Aa does not 
remain constant, but liquid and solid approach each other in compressi- 
bility with rising pressure. In view of the large effect of the variations in 
Aa, AB, and AC, along the melting curve, we will postpone discussion 
of the form of the curve determined by the above equation until we treat 
of polymorphic solids, because for solids we expect that these coefficients 
are more nearly constant than for liquids. The important problem 
before us at present is to determine as far as we can, the way in which 
Aa, etc., vary along the melting curve. We shall indicate first what sort 
of data are needed for a determination of these quantities, and then get 
as much information as we can from the data at hand. 

Although the equation of the melting curve does not hold over any 
extended pressure range, it does indicate the initial trend of things, and 
by differentiation can give us accurately the values of the first and second 
derivatives at the origin. The differentiation gives 

dr Avy + ABo(r — To) — Aao(P — Po) _ 

dp ASo + ACjo log (1/70) — ABo(p — Po)’ 
This evidently reduces to Clapeyron’s equation, as it should, when ¢—fp 
and p — po vanish, since 





AH, 
ASo = > > . 
For the second derivative we get: 
d*r 1 dr| AC, (dr \? dr 
ae | r (3) - 20835 + 40], ” 


We see, therefore, that the curvature of the melting curve gives us 
one relation between the differences of compressibility, thermal expan- 
sion, and specific heat of solid and liquid. The melting curve we have 
seen to be always concave downwards, or d?7/dp? <0. This means, 
whether the curve rises like most curves, or falls like the ice curve, that 

AC, [{ dr \? dr 
: (<<) _ a > 0. 
If the curve should happen to be concave upwards, this would mean 
either an unusually small value of Aa, or AC,, or an unusually large 
value for Ag. 

If the curve is to be accurately a straight line, with constant values of 
Aa, AB, and AC,, then we must have the conditions satisfied: AC, = 0, 
and 





A 2A i 
a= — 2A8 —. 
dp 
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In addition to the information given by d?7/dp?, we may also obtain 
relations between Aa, AB, and AC, from the curves for AV and AH. 
These relations may be easily deduced, and are 


dAH dr 

eo” dp» + Av — rAf8, (IT) 
aa 

dp ~ apo? — 4a. (III) 


The quantities AV, dAH/dp, and dAV/dp which enter these relations are 
to be determined from the curves already given. At first sight it appears 
that we now have three relations to determine Aa, AB and AC,, but as a 
matter of fact these relations are not independent. To see this, it is 
sufficient to observe that Aa, AB, and AC, may all three be eliminated 
from I., II. and III., leaving the value of d?7/dp? found by formal differen- 
tiation of Clapeyron’s equation. Two of the relations are independent, 
however, so that we need only one more independent relation. The new 
relation must be experimental; we have exhausted the thermodynamic 
possibilities. At high pressures it might be possible to measure Aa or 
AB directly, but a direct measurement of AC, would be much more dif- 
ficult. Theoretically the measurements are already at hand to give Aa; 
this could be determined from the difference of slopes of the isothermals 
above and below the melting point. But unfortunately very few of the 
curves are accurate enough to give useful information on this point. 
The difference of slope is small in any event, and the effect of a very 
minute quantity of impurity, producing a slightly premature melting, 
is sufficient in most cases to completely mask the effect sought. To find 
Aa directly, new experiments would be necessary. Perhaps the simplest 
way to do this would be to determine the isothermals of the solid at 
several temperatures considerably below the melting curve, and then 
extrapolate to the melting curve. This could be done without inac- 
curacy, because the variation of compressibility with temperature is 
small. Ora somewhat similar procedure would give AS. However, two 
of the substances experimented upon give regular enough curves so that 
the directly determined values of Aa seem to have some significance. 


‘ These quantities will be given later. Also we know from other experi- 


ments in a number of cases the values of A8 or AC, at atmospheric pres- 
sure. As complete a list as possible is given of these in the following. 
Apparently the best we can do with this problem in general at high 
pressures is to try to get some idea of the magnitude of the quantities 
involved by approximations that seem reasonable. There are certain 
experimental inequalities that can help us. We have in the first place, 
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the fact already mentioned, that universally d?7/dp? <0. We also have 
a nearly universal fact, for all the liquids so far worked with, that 


ay — dH 
v _?* 


if Av > 0. This condition may be readily proved to be equivalent in all 


cases to the condition 
4 (aH) . 
dr\ 7 |} *% 


That is, the latent heat increases more slowly than the absolute tem- 
perature. This condition, if dr/dp > 0, is equivalent to 


Saget. ax 
T Pap B vs 


There are only two or three exceptional cases at isolated points for the 
eighteen liquids given above where dAH/dr has a very small positive 
value; the exceptions may be due to experimental error. 

A third experimental inequality, with no exceptions, is that dAv/dp<o; 
that is, the change of volume decreases along the melting curve if 
positive, and increases in absolute value if negative. This inequality is 
equivalent to 

Aa > 75 48. 
That is, along the melting curve the controlling factor in the change of 
volume is the difference of compressibility between the two phases, which 
is in general numerically greater and of opposite sign from the difference 
of thermal expansion along the melting line. 

There is another universal feature of all the curves, namely that the 
Av curve is concave upwards, or d?Av/dp? > 0. This condition, which is 


equivalent to 
- (35), + (3) (FP), + 8 Feo 


is of no immediate help to us here, because it gives the variations, instead 
of the actual values of Aa and A along the curves. 

In view of our inability at present to give precise values to Aa, A, 
and AC,, it becomes of interest to inquire if we cannot with the help of 
these inequalities find at least the order of magnitude of the several 
quantities. In general, we expect that Aa, AB, and AC, are all positive, 
or that the compressibility, thermal expansion, and specific heat of the 
liquid are greater than the corresponding quantities for the solid. So far 
as I know, at atmospheric pressure, Aa is universally positive, even for 
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water where the liquid occupies less bulk than the solid. A is almost 
always positive; the only exception I know is for water, and even here 
Ag becomes positive at higher pressures. And the only authentic example 
I know of a negative value for AC, is that of sodium, recently measured 
by Griffiths.** We will assume in the following that these quantities 
are in general positive. 

We rewrite the inequalities obtained so far 


A ~, 
Qa dp B>o, 
oF a on ti (=) 
a; “Agi ?® 
i> ) shia A 
r dp ~~ dp B+ a> oo. 


The terms entering these inequalities seem to be in general of the same 
order of magnitude, so that the inequalities usually can give us genuine 
information. As an average, for these experiments, 


Aa is of the order of 0.00001, dz/dp of the order of iain tice 

0.015, and 7 of the order of 350°. This means - tas 

that Ag is of the order of 0.0006, and AC, of the Bo—cy Ae 
order of 10, or 0.2 cal. That is, Aa, AB and AC, + Hlaw-40u] 


are of the same orders as the compressibility, ex- 
° ° — os + (fac, 
pansion, and specific heat of the liquid alone. 

The inequalities may be represented graphically, 
as shown in Fig. 22. The three quantities are ar- 
ranged in descending order of magnitude, as shown. 
The experimental fact that d*r/dp? < o is equiva- 
lent to the condition that the difference A to Bis | ape np ie esi 

; t the relativ - 
greater than the difference B to C. — sed vet nay iota 
f _ _hitudes of the thermody- 

The diagram makes clear what must happen in namic quantities deter- 
those exceptional cases when Aa, AB and AC, are mining the freezing curve. 
not all positive. If Aa < 0, solid more compressi. 1° '!tive magnitudes 

Se are determined by experi- 
ble than liquid, then we must also have AB <0, jrent. 
and AC, <0. That is, Aw cannot be exceptional 
without all three being exceptional. Now if A8 < 0, we must also have 
AC, < 0, but there is no necessary condition as to sign thereby imposed 
on Aa. Finally, if AC, <o, there is no necessary condition of sign 
thereby imposed either on Aa or AB. We may therefore say, since the 
normal state of affairs is for Aa, AB and AC, all to be positive, that the 
probability of negative values is greatest for AC,, intermediate for A, 


and least for Aa. 








Fig. 22. 
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Besides these inequalities, the equations we have written down give 
us numerically the distances between A and B, and between B and C., 
Suppose now that we assume a probable value for one of the three quan- 
tities, and then compute the other two with the help of the known dif- 
ferences A—~B and B-C. It is obvious that we shall make the smallest 
percentage error in the other two if we assume AC,, and the largest if 
we assume Aa. 

The numerical values that we give in the following will be computed 
in this way. We shall assume that AC, = 0, and then compute with the 
help of the above known differences the values of Aa and Ag. If, as is 
usually the case, AC, is really positive, the values we find will be minimum 
values for Aa and Ag. The values for AB so found will not do much 
good, but the values for Aa will be somewhat better, and are perhaps 
worth giving. The values for all the eighteen liquids listed in this and 
previous papers will be computed in this way and tabulated. 

In addition, where the results are available, the more accurate results 
will be given for atmospheric pressure. These accurate values at atmos- 
pheric pressure, combined with the rougher values at high pressures, will 
in some cases give us a better hold on the values under pressure. It 
should, however, be borne in mind that a direct experimental deter- 
mination of either AC, or Ag is a matter of unusual difficulty, even at 
atmospheric pressure, because of the disturbing influence of premature 
melting due to very slight quantities of impurities. A striking example 
of the possibilities in this direction is shown in the discussion following 
under “‘ sodium ”’ of Griffiths’ recent values. In particular, direct de- 
terminations of AC, seem susceptible to error, as is shown by the very 
wide divergence of independent direct observations. In some cases, it 
is probable that the value of AC, computed from the value of A is 
better than the direct value. There seem to be practically no direct 
values of Aa, either at atmospheric or higher pressures. In a few cases, 
I have, from my own data for determining AV at low pressures, been 
able to find a fairly good value for the difference of thermal expansion 
at atmospheric pressure, but in most cases the temperature range was 
not great enough to give satisfactory values for this. 


DIFFERENCE OF COMPRESSIBILITY, EXPANSION AND SPECIFIC HEAT 
BETWEEN SOLID AND LIQUID. 


In Table XI. are given these values of Aa at pressure intervals of 
3,000 kgm. In addition, the values of A@ at atmospheric pressure are 
listed. These values for AB should not be used without consulting the 
discussion, where the sources of information at atmospheric pressure are 
given and the most probable values indicated for each substance in detail. 
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TABLE XI. 


Difference of Ex- 
pansion (= Af). 








Difference of Compressibility (—Aa). 





Substance, 

I | 3,000 6,000 9,000 12,000 1 | 12,000 
ee 0.0;47 | 0.0;34 0.0;27 0.0;21 0.0;16 0.0475 | ? 
Na ica Sikh aus new ear arth 0.0;33 0.0;18 0.0;11 0.0.8 0.0;8 0.0,89 0.054 
Carbon dioxide.......... 0.010 0.0;9  0.0;6 0.0535 | 0.0.6 
eS ee ree 0.0;37 0.0;39 0.0;30 0.0;16 | 0.044 
SR 50a owe Kanara. 0.0;82  0.0;48 0.0;36 0.0;29 0.0;30 0.0.3 | 0.0,8 
NitrObDenS0l ....2s< 200005: 0.0411 | 0.0;7 0.0;32 , 0.0;27 0.0;24' 0.0311 | 0.0.6! 
Diphenylamine.......... 0.0424  0.0;7 0.054 0.0;32 0.0;28 | 0.0,392 
OS Eee ee ee 0.0450 0.0.13 0.0;6 0.0;44 0.0538! 0.0;48 | 0.0,81 
Carbon tetrachloride... .. 0.0412 | 0.0;33 0.0;33 0.0;14 0.0312 | 
O-Kresol ee I 0.0419 | 0.0;8 0.0;36 0.0;21 0.0.41 | 

ihe L-II.. 0.0;30 0.0;27 0.0;14 | 0.054 
PROGDROPUG «osc sccsicacias 0.0;43 0.0;28 0.0;14 0.0310 | 
ae 0.0;49 0.0;38 0.0;28 0.0;19 0.0;16' 0.0.46 | 0.0.54! 
Silicon tetrachloride...... 0.0;87 0.0;37 0.0;17 0.0;12! | 0.04212 
Chlorobenzol............ 0.0411 0.0;58 0.0;36 0.0;26 0.0515 0.0413 | 0.0.4 
Bromobenzol............ 0.0413  0.0;49 0.0;34 0.0517 0.0;10 0.0;21 | 0.044 
Benzophenone........... 0.0529 | 0.0513 0.0;7 0.0;3? 0.0347 | 
p-nitrophenol........... 0.0520 0.0,164 0.0,12° 0.0311 | 
ee 0.0431 | 0.0413 0.0;9 0.0;72 0.0;44 | 0.03182 
Methyl oxalate.......... 0.0.67 | 0.0;99 0.0;6 0.057 0.0;41 | 0.0;19% 
eee | 0.0757 | | 0.0.8 

111,000 kgm. 2 8,000 kgm. 39,000 kgm. 42,000 kgm. 5 4,000 kgm. 


If there is no discussion for any substance, the value of A8 was computed, 
assuming AC, = 0. The Table also gives in most cases, for purposes of 
orientation, the values of AS at 12,000 kgm., computed on the assumption 
that AC, = 0. 

Potassium.—There are two experimental values for A8 at atmospheric 
pressure; 0.0,84 by Block,'® and 0.0,64 by Hagen.” If we assume as an 
average value 0.0475, we find Aa = 0.0;47, and AC, = 0.046 cal. (1.95 
kgm. cm./gm.). The difference of the specific heats found in this way is 
considerably less than either of two direct values that we have; 0.15 cal. 
by Bernini, and 0.08 cal. by Joannis.54 The probability seems to be 
that 0.046 is nearer the truth; the value of Bernini seems improbably 
large, and doubt is cast on the value of Joannis by the fact that his value 
for the latent heat is without doubt too high, as is suggested by the recent 
work of Griffiths®' on a similar substance, sodium, for which Joannis’ 
value is certainly too high. 

The value found for AB, assuming AC, = 0, is undoubtedly not good, 
for it is negative (= — 0.0425), but the value for Aa on this assumption 


52. E. B. Hagen, Wied. Ann., 19, 436-474, 1883. 
53. A. Bernini, Nuov. Cim. (5), 10, 5-13, 1905. 
54. A. Joannis, Ann. Chim. et Phys. (6), 12, 358, 1887. 
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is 0.0;34. We see, as was proved above, that Aa is not very sensitive 
to the value of AC,. In the table, the value for Aa is assumed 0.0547 at 
atmospheric pressure, and at 12,000 kgm. the value given is on the as- 
sumption that AC, = o. At intermediate pressures, the initial difference 
of the two values (0.0;47 — 0.0334) is distributed proportionally to the 
pressure. 

Sodium.—There are values for both AC, and A@ at atmospheric pres- 
sure. We have two values for AC,, both negative; — 0.07 cal. by 
Bernini, and — 0.06 by Griffiths.*! Neither of these values are ex- 
plicitly stated by the original authors, but have been estimated by me 
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The recent values of Griffiths for the specific heat of solid and liquid sodium at atmospheric 
pressure. In the discussion it is pointed out that a very small quantity of impurity is 
sufficient to produce the deviation of the specific heat of the solid from linearity. 


from curves plotted from their data giving C, as a function of temperature 
above and below the melting point. In spite of the agreement of these 
values, careful examination of the data leaves the conviction that the 
agreement is accidental, and even leaves doubt as to whether the nega- 
tive value for AC, has been proved. The matter is of such importance 
that it will pay to dwell on it a little. In Fig. 23 are reproduced 
Griffiths’ values for C, above and below the melting point. It will 
be seen that the curve for C, of the solid takes a sudden rise in the 
neighborhood of 70°. The question suggests itself whether this may 
not be due to a premature melting because of slight impurity. The 
amount of melting to account for this change of direction of the specific 
heat curve is very slight. If we suppose that the actual curve is really 
the dotted straight line, then the area between the dotted line and the 
curve through Griffiths’ points represents the total heat set free in pre- 
mature melting. This total heat is one fifth of a calorie which, com- 
bined with the latent heat, indicates that only two thirds per cent. of the 
total quantity of sodium need have melted prematurely to account for 
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this. The total amount of impurity needed to produce this slight amount 
of melting is evidently much less than two thirds per cent., and may 
well be so small in amount as to resist most careful attempts to remove it. 
This consideration, of course, has been known for a long time to apply to 
determinations of differences of specific heat near the melting point, but 
this example of sodium shows in an unusually striking manner how very 
slight the amount of impurity need be in some cases to vitiate the result. 
It should be said that even if we assume the total variation of Griffiths’ 
curve from linearity to be due to premature melting, the error so intro- 
duced into his value for the latent heat will be less than 1 per cent. 

If we grant for the present the negative value for AC,, and take the 
average of the two values, — 0.065 cal. (= — 2.78 kgm. cm.), we cal- 
culate AG = 0.0324. Now the value of Ag determined by direct experi- 
ment is 0.0,83 by Block,'* and 0.0;65 by Hagen. These values are both 
considerably higher than that found by using the negative value for AC,, 
and make improbable the validity of the negative value. If we compute 
backwards with the average of the two experimental values for Ag 
(= 0.0474) we shall find a very small negative value for AC,, — 0.0004 
cal./gm. But it is to be noticed that the same causes which make AC, 
appear negative will make the experimental values for AB too small, and 
it is significant that the later, and presumably more accurate value for 
AB is the larger. It seems to me that the safest course at present is to 
assume AC, = 0. This is the assumption made in getting the values of 
the table. It gives 0.0;89 for AB, close to Block’s value, and 0.0533 for Aa. 

As this paper was going to press, I have come upon a recent paper by 
Rengade (C. R., 156, 1897-1899, 1913), in which he finds that the specific 
heat of the liquid is greater than that of the solid by 0.045 cal. and the 
melting point of the pure metal is 97°.90. Beyond stating that great 
precautions were taken to obtain the metal especially pure, no detail is 
given. 

Diphenylamine.—The experimental value for AB by Block," 0.0328, 
agrees well with the value computed above, 0.0324, assuming AC, = 0. 
There are, however, two direct determinations of AC,; 0.043 cal. by 
Batteli,?5 and 0.134 by Bogojawlensky.®® The values of A8 computed with 
these values of AC, are 0.0338 and 0.0368 respectively. Both of these are 
considerably higher than the experimental values. Apparently Batteli’s 
value for AC, is much more nearly right than Bogojawlensky’s. Aa 
is not appreciably changed by using Block’s value for A@ instead of 0.0324. 

Benzol.—The experimental value of Block,'® 0.0347, agrees unusually 
well with that found assuming AC, = 0, 0.0346. The presumption is that 
AC, is small. There are three widely varying experimental values for 


55. Bogojawlensky, quoted by Tammann in “K. und S.,”’ p. 45. 
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AC,; 0.131 cal./gm. by Ferche,** 0.003 by Fischer,*” and 0.078 by Bogo- 
jawlensky.®> If we assume the intermediate value, we find A8 = 0.0;81, 
which seems too much above the experimental value. Very recently, 
since the writing of most of this paper, Essex®* has published data for the 
effect of pressure and temperature on the liquid and solid forms of benzol. 
His value for A calculated by a linear extrapolation from his data for the 
solid at 1,500 and 2,500 kgm. is 0.0350. There seems room for little doubt 
as to the approximate value of Af at atmospheric pressure. 

Phosphorus.—There are three experimental values for AB; 0.0310 by 
Block,'® 0.0310 by Leduc,*® and 0.0,65 by Kopp.® We shall assume the 
value 0.0310. This is without doubt better than the value, which is o, 
calculated assuming AC, = 0. If we assume 0.0310 for A$, we find 
Aa = 0.0543, against 0.0;14, calculated from AC, = 0. This is an ex- 
ceptional case where Aa is sensitive to the value assumed for AC,. In 
the table, the values of Aa are adjusted at high pressures as they were in 
the case of Potassium. The value of AC, calculated assuming AB = 0.0310 
is 0.027 cal./gm., which is in remarkably good agreement with the direct 
value, 0.026, found by Person.* 

Monobrombenzol.—No direct experimental values are known for Af 
or AC,, but this is the substance mentioned for which consistent experi- 
mental values of Aa were obtained over the pressure range. These 
values, at the pressure intervals of the above table, were 0.0411, 0.0;6, 
0.053, 0.051, 0.065, respectively. The agreement with the values com- 
puted assuming AC, = 0 is fairly good, and gives some confidence in the 
values for the other substances. It has been stated that the approximate 
values of the table are to be expected to be minimum values, but it will 
be noticed that the experimental values above are in most cases lower 
than the computed values. The reason for this is probably the unavoid- 
able slight rounding of the corners of the freezing curve. 

Benzophenone.—Block’s'® direct experimental value for A is 0.0347, 
against 0.0319 assuming AC, = 0. There is no doubt that the direct 
value is better. The change in Aa, however, is not so large; 0.0429 using 
Block’s value, and 0.0421 assuming AC, = 0. The values at higher 
pressures are adjusted as in previous cases. Using 0.0347 for AS, we 
calculate AC, = 0.075 cal./gm., as compared with 0.096, the direct 
experimental value of Tammann.® 


56. J. Ferche, Wied. Ann., 44, 265-287, 1891. 

57. W. Fischer, Wied. Ann., 28, 400-432, 1886. 

58. H. Essex, Diss. Gétt., 1914, Leopold Voss, Leipzig and Hamburg. 
59. A. Leduc, C. R., 173, 259-261, 1891. 

60. H. Kopp, Trans. Roy. Soc., Vol. 155, 71-202, 1865. 

61. C. C. Person, Ann. Chim. et Phys. (3), 27, 295-335, 1847. 

62. G. Tammann, “‘K. und S.,”’ p. 240. 
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Paratoluidine—For Ag there is the direct value 0.0330 by Block,’ 
0.0322 calculated assuming AC, = 0, and 0.0344, a direct value of my 
own. The range of values of Aa, letting A8 vary from 0.0322 to 0.0344, 
is only from 0.0331 to 0.0337, showing again the comparative insensitive- 
ness of Aa. The value of AC,, using the extreme value of 0.0344, is 0.068 
cal./gm. This is considerably lower than 0.146, the only experimental 
value there is, by Batteli.2 This is apparently much too high, because 
if we compute back to Af, assuming 0.146, we find AB = 0.0375, which 
seems impossibly high. The value given in the table assumes AB =0.0344. 

Methyl Oxalate-—For AB at atmospheric pressure there is the value of 
Block,'® who gives 0.000236. I find 0.000405. It is evident that the 
same impurity which invalidated Block’s value for the change of volume 
will also affect the difference of expansion, and in the same direction as 
the difference between Block’s value and mine. I have, therefore, used 
my own value in the computations. The values at the higher pressures 
have been calculated on the assumption that AC, = 0. It is to be 
remarked that, using my initial value for A, the initial value for AC, 
is negative (— 15 kgm. cm.), an unusual and questionable result. This 
result depends on the large initial value for dAV/dp rather than on the 
value for AG; it is quite probable that the initial value given above for dAV 
is really too large. There is a direct measurement of the difference of 
specific heats by Bruner,?4 who found that at the melting point the 
specific heat of the liquid was 1.41 kgm. m. greater than that of the solid. 
But Bruner’s sample was unusually impure, as has been stated. In 
any event, this appears to be a substance for which the assumption that 
AC, = 0 is of more doubtful validity than usual. 

Bismuth.—For this substance there are a number of data, none of 
which are very concordant, from which we may get some idea of Aa, Ag 
and AC, at atmospheric pressure. For the specific heat of the solid there 
are the following values, shown in Table XII. A questionable extra- 
polation from all these values would indicate 0.0313 cal. as a probable 
value at the melting point. For the specific heat of the liquid there is 
only the value of Person,” 0.0363. The value of AC, from these data is 
0.0050 gm. cal. or 0.213 kgm. cm. per gm. For the thermal expansion 
there are two widely differing measurements. Vicentini and Omodei* 
find the average dilatation of the liquid between the melting point and 
300° is 0.03120, the liquid increasing regularly in volume between these 
limits. Their value for the average expansion of the solid, presumably 
from room temperature up to the melting point, is 0.03395. Liideking,” 
on the other hand, finds that liquid bismuth has a maximum density at 
about 270°, just as water has above the freezing point. The freezing 
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TABLE XII. 
Cp for Solid Bismuth. 
Detpusetunn. Cp Observer. | Temperature. . G Observer. 
~186° 0284 Giebe® | 50° 03066 —_Lorenz® 
— 79° .0296 . 75° .03090 - 
18° .0303 oi |} 9°-102° .02979 Béde® 
17°— 99° .0304 Voigt | 15°- 98° .03084 Regnault® 
22°-100° .03035 Waterman® _ 20°-100° .0314 Schiiz® 
0° . 03013 Lorenz 


point he gives is about 260°. For the cubical expansion of the solid 
between 0° and 100° he gives 0.0441. Liideking would make Af negative, 
therefore. His results seem open to considerable question, however, 
because he knew that there was some impurity of mercury, and because 
his melting point was 10° too low. If we assume that Vicentini and 
Omodei’s value for Af is correct, and combine with the values that may 
be deduced from the above tables for dAV/dp (— 0.0;8) and dAH/dp, 
(— 0.0125 kgm. cm.) we shall find for AC,, 0.17 cal., against 0.21, the ex- 
perimental value of Person. If, however, we assume the negative value 
for AB given by Liideking, we find 0.35 for AC,. Vicentini and Omodei’s 
values seem more probably accurate. The calculated value for Aa at 
atmospheric pressure, using Vicentini and Omodei’s value for A, is 
— 0.0757. This means that the liquid, in spite of its smaller volume, is 
more compressible than the solid. If we combine this with the value for 
the compressibility given by Richards” for the solid at room temperature, 
0.0631 cm.’ per gm., we shall get some idea of the compressibility of liquid 
bismuth. At higher pressures, it turns out that bismuth is a substance 
for which the values of Aa are particularly sensitive to the values assumed 
for AC,. If at atmospheric pressure we assume AC, = 0, we shall find 
for Aa 0.0726 instead of 0.0757. In view of this fact, it did not seem worth 
while to list the values of Aa at higher pressures assuming AC, = 0; one 
will find that on this assumption Aa becomes negative above 6,000 kgm., 
an improbable result. 

Theorizing on the data of Table XI. can properly be left until more 
data are at hand. It will pay to emphasize, however, the fact that Aa 

63. E. Giebe, Verh. D. Phys. Ges. 

64. W. Voigt, Wied. Ann., Ann., 49, 709-718, 1893. 

65. F. A. Waterman, Puys. REv., Vol. 4, 161-190, 1896. 

66. L. Lorenz, Wied. Ann., 13, 422-447, and 582-606, 1881. 

67. Béde, Mém. Acad. Roy. Belg., Vol. 27, 1855-56. 

68. V. Regnault, Ann. Chim. et Phys., 73, 1840. 


69. L. Schiiz, Wied. Ann., 46, 177-203, 1892. 
70. T. W. Richards, Pub. Carnegie Inst. Wash., May, 1907. 
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decreases very rapidly along the melting curve. We see that the equation 
written above for the melting curve in terms of Aa and Ag cannot be 
expected to give even a rough approximation to the truth over so wide a 
pressure range as that here. It is also of interest to note that Aa ap- 
proaches zero much more rapidly than does AV. This means that at 
high pressures the compressibility of liquid and solid are going to approach 
equality before the volumes reach equality. This seems to suggest that 
at high pressures a large part of the compressibility is afforded by the 
actual compression of the molecules, which would be expected to be 
the same for liquid and solid, while the outstanding difference of volume 
between liquid and solid is caused by the difference of structure. This 
observation comes to the same thing as a previous observation on mer- 
cury ;” namely, that if the liquid should be compressed without freezing 
to the same volume as the solid, its compressibility would be less than 
that of the solid. 

A comparison of the values of Aa and Af shows a state of affairs for the 
differences of compressibility and expansion similar to that previously 
found for the compressibility and expansion of liquids alone.” It was 
observed for liquids that the thermal expansion is decreased much less 
by pressure than the compressibility. An examination of the table and a 
comparison with the discussion of the numerical values shows that the de- 
creases in the values of AS over the pressure range are much less than 
those for Aa, in fact, for some of the substances the decrease is hardly 
noticeable. 

A couple of other points in connection with the equation of the melting 
curve are worth especial comment. One is this; a complete thermo- 
dynamic knowledge of both liquid and solid separately is not enough to 
determine the location of the melting curve. It is well known that the 
behavior of a substance is completely determined thermodynamically if 
we can give the compressibility, thermal expansion, and specific heat at 
every point. Hence a complete thermodynamic description of solid and 
liquid separately determines the values of Aa, Af, and AC,. But the 
equation of the melting curve contains one other quantity, AS, which 
cannot be found from the characteristic equation, but must be found by 
experiment. That is, we must find experimentally one point on the 
melting curve, and then the characteristic equation of solid and liquid 
will determine its course everywhere else. If, however, we knew the 
characteristic equation of the subcooled liquid down to T = o, Nernst’s 
equation would give a means of determining when Z; = Zz. 

The fact that the equation of the melting curve involves the thermo- 


71. P. W. Bridgman, Proc. Amer. Acad., Vol. 47, 423, I9QII. 
72. P. W. Bridgman, Proc. Amer. Acad., Vol. 49, I-114, 1913. 
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dynamics of both liquid and solid has an important suggestion for the 
mechanism of melting. It means that melting is not determined by 
anything going on in the solid alone, or freezing by something in the 
liquid alone. For let us make the contrary hypothesis. We heat a 
solid at constant pressure, and let us suppose that when we arrive at a 
certain temperature the molecules of the solid become unstable and fall 
apart into the liquid. The contention is that this state of instability, 
whatever is the cause of it, cannot be determined by something taking 
place in the solid alone. For if we suppose for the moment that insta- 
bility at the point under consideration is determined by the properties 
of the solid alone, we see, on heating the crystal again at a different 
pressure, that the new temperature of melting is determined by the 
properties of the liquid as well as those of the solid, and hence in general, 
the properties of both phases determine the melting point. Melting is 
not like the falling down of a row of dominoes. One possible explanation 
of this is that as a solid approaches the melting point, the molecules are 
in constant motion; some of them on the surface fall into the liquid, try 
it, and if the stability is greater there, the whole crystal follows; if the 
stability is less, they will ultimately recrystallize. This means that there 
may be something of the nature of balanced reactions at the melting 
point, the velocity of melting being equal to that of crystallization. A 
parallel case may make the nature of the reasoning here clearer. The 
angle of total internal reflection depends both on the index of refraction 
of the medium in which the reflection takes place, and on that of the 
surrounding medium. This means physically that the phenomena of 
reflection cannot be confined to the heavier medium, but some disturbance 
must penetrate into the lighter medium; that the light must try the 
second medium, as it were, and if it does not find it suitable, return to the 
first medium. This disturbance in the second medium is of course now 
known to exist, and may be accurately described. 

One special application of these considerations is that we are not 
justified in putting as the criterion of melting that the total expansion 
of the solid from the absolute zero shall reach a certain value, as is fre- 
quently done. For example, Lindemann’s” deductions, by the aid of 
the quantum hypothesis and this special assumption, of the natural 
frequency of the atoms at the melting points, can at best be only an 
approximation. 

THE HYPOTHESIS OF SCHAMES. 

Very recently, Schames™ has published a new hypothesis as to the 

nature of the equilibrium solid-liquid. This hypothesis is that there 


73. F. A. Lindemann, Phys. ZS., 11, 609-612, 1910. 
74. L. Schames, Verh. D. Phys. Ges., 15, 1017-1026, 1913, and 16, 518-528, 1914. 
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are two critical points between solid and liquid, one at p = 0, r = 0, 
and the other at p = «, r= 7,. That is, these two critical points 
lie on the boundaries of the region that can be reached; continuous 
passage from solid to liquid is not possible because we cannot go around 
the critical points. The hypothesis of a critical point at infinite pres- 


Temperature Rise, °C per kgm. 
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Fig. 24. 


Collection in one diagram of the slope of the melting curves of most of the substances 
hitherto investigated in this series of papers, plotted against temperature. If the melting 
curve has a maximum temperature, the slope curve must cross the temperature axis vertically 
at a finite temperature; if it has a horizontal asymptote, it must cross the temperature axis 
at a finite angle at some finite temperature, or else it must become tangent to the axis at a 
finite temperature. The figures on the curves refer to the substances as follows: 1, potassium; 
2, sodium; 3, carbon dioxide; 4, chloroform; 5, anilin; 6, nitrobenzol; 7, diphenylamine; 
8, benzol; 9, bromoform; 10, silicon tetrachloride; 11, monochlorbenzol; 12, monobrom- 
benzol; 13, mercury; 14, benzophenone; 15, paranitrophenol; 16, paratoluidin; 17, methyl 
oxalate. 


sure is equivalent to saying that the melting curve rises to a horizontal 
asymptote. It was the opinion of Schames that the critical temperature 
corresponding to infinite pressure was the same as the critical temperature 


liquid-vapor. This seemed to him to be indicated by a very wide extra- 
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polation from my data for water. This paper of Schames was published 
after the first of the present series of papers appeared, but was written 
before, so the data of the first paper were inaccessible to him. The 
fact, there stated, that the melting curve of CO: has been followed to above 
100°, shows conclusively that the critical temperature, if it exists, cannot 
in general be the same as the critical temperature liquid-vapor. I have 
learned from private correspondence with Schames, however, that he 
does not regard this as an at all essential part of his theory; the essential 
point is the existence of the horizontal asymptote. It seems a matter of 
grave doubt, however, whether even this hypothesis is borne out by the 
data. In Fig. 24 the slope of the melting curve of a number of substances 
is plotted against temperature. If Schames’s hypothesis is correct, 
these curves should tend to cross the temperature axis at a finite tem- 
perature. While one cannot say that the curves prove that this cannot 
be the case, it is nevertheless evident that such a state of affairs can be 
reached only by a very wide extrapolation, and that the curves, so far as 
known at present, offer no justification for supposing that there is such a 
critical temperature. The existence of curves like 16 shows that any 
extrapolation is hazardous, and in any event, it would seem to be the 
part of caution to be wary about extrapolating data from the compar- 
atively low range of pressures open to direct experiment to “ infinite ”’ 
pressures. With out present conception of the structure of the atom, 


‘ 


one may be prepared for entirely novel effects at pressures sufficiently 
high, even for the destruction of the atom itself. 


THE EFFECT OF CHEMICAL CONSTITUTION. 


There seem to be certain connections, not very definite, between 
the data of the melting curve and the chemical constitution. A num- 
ber of these data are collected into Table XIII.: some substances are 
included here which will be more fully discussed in the next paper. 
In this table there are three groups of substances differing from each 
other only by the substitution of Br for Cl. These groups are CCly,, 
CBri; CHCl;, CHBr3; and CsH;Cl, CsH;Br. We see that in every 
case replacing an atom of chlorine by a bromine has the effect of 
increasing dr/dp, Av, and the melting point. There are two groups in 
the table in which an OH radical replaces a NHe radical, phenol, and 
anilin, and o-kresol and p-toluidine. The effect of the OH is to decrease 
both dr/dp and Av; the effect on the melting point is different in the 
two groups. Benzophenone differs from diphenylamine by the substi- 
tution of a NH group for a CO group. The heavier radical gives the 
larger dr/dp and Av. Similarly in the pair p-nitrophenol and o-kresol 
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TABLE XIII. 
Chemical Relations. 
Substance. Formula. | Weight. as | a a 
P 
ee Na 23.05 97°.62 | .02787 .00875 
re P 31.0 44°.2 .01927 | .0295 
PINs Ssais hniinacee anc K 39.10 62°.5 .02680 | .0178 
Carbon dioxide.......... CO 48.00 —56°.6 -14(?) -0205 
| EES aan Serre C.He 78.1 5°.43 | .1317 .0286 
ee CO-NH2-OC:H; = 89.1 47°.90 .0599 .01105 
MN aikido itn oe adem CsH;NHe 93.1 — 6°4 .0854 .0200 
NG Si iprrniainna ncaa CsH;OH 94.1 40°.87 .0567 .0140 
Ser C.H4-CH3-NHe 107.1 43°.73 .1413 .0271 
PARSON, koe hci. davaces CsH,-CH;3-OH 108.1 30°.8 .0838 .0177 
Chlorobenzol............ C;H;Cl 112.5 —45°.5 .072(?) | .0184 
Methy! oxalate.......... CyH,.O, 118.0 54°.2 1453 | .0226 
Chloroform... ..6ssc0s CHCl; 119.4 —61 (?)| .065(?)} —— 
Nitrobenzol............. CsH;NO2 123.1 a 0814 | .0219 
p-nitrophenol........... C.H4- NO2-OH 139.1 114° .0891 | .0272 
Carbon tetrachloride. .... C Chk 153.8 —22°.6 0258 | .0393 
Bromobenzol............ C.H;Br 157.0 —31°.1 .056? .0191 
Diphenylamine.......... (CeHs)2NH 169.2 54°.0 .0958 .0257 
Silicon tetrachloride......} Si Cl, 170.2 —67°.(?)) .052(?) —— 
Benzophenone........... (CsHs;)2CO 182.1 48°.11 | .0904 .02845 
eee Bi 208.5 271°.0 |—.00345 —.00342 
eee | CH Brs 252.9 7°.78 | .0391 0245 





Carbon tetrabromide.....|| C Brg 331.8 92° .062 


in which a NOs» replaces a CHs3, the heavier radical gives the larger dr/dp 
and Av. Nitrobenzol and anilin are another such group; the NOs» of 
nitrobenzol replacing the NHe of anilin. In general, the effect of a 
heavier radical seems to be to increase both dr/dp and Av, with an irregular 
But in this respect the radicals H and OH 
are exceptional. The substitution of H for another radical may increase 


or decrease dr/dp and Av, and we have seen that OH decreases these 


effect on the melting point. 


quantities, although increasing the molecular weight. Other chemical 
similarities are not striking. In general, it seems that at present a dis- 
cussion of the effects of chemical constitution is not very valuable, because 


the relations, if there are any, are not simple. 


SUMMARY. 


The melting data for nine more substances have been obtained for the 
range from 0° to 200° and from atmospheric to 12,000 kgm. pressure. 
Bismuth has been investigated up to 270°. The evidence of these sub- 
stances confirms the conclusion reached in the previous paper of this 
series; namely, that unless there is a reversal at high pressures of the effects 
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found up to 12,000 kgm., the melting curve continues to rise with pressure 
and temperature indefinitely, with neither a maximum, nor a critical 
point. 

The equation of the melting curve is obtained in terms of the difference 
of compressibility, thermal expansion, and specific heat between solid and 
liquid. It is shown that in virtue of certain experimental inequalities, 
we may obtain a fairly good approximation to the difference of com- 
pressibility between solid and liquid by assuming the difference of specific 
heats is zero. These approximate values of the difference of compressi- 
bility are given as a function of pressure for all the substances whose 
melting curves have been obtained hitherto. It is found that the liquid 
and solid approach each other in compressibility more rapidly than they 
do in volume. A discussion is also given, where the data are available, 
of the most probable values of the differences of thermal expansion and 
specific heat at atmospheric pressure. A suggestion as to the mechanism 
of melting is found in the fact that the equation of the melting curve 
involves the properties of both liquid and solid. Certain uniform effects 
of chemical constitution are found, but at present the chemical clue does 
not seem especially helpful. 

In conclusion, it is a pleasure to acknowledge a generous grant from the 
Bache Fund of the National Academy, with which materials and mechan- 
ical assistance have been obtained. 
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ON THE PRESENT THEORY OF MAGNETISM. 
By JAKOB KUNz. 


HE electron theory seems to account for the magnetic phenomena 
in a very direct way. Indeed we have only to assume that the 
molecular currents of Ampere, which form the elementary magnets, are 
revolving electrons in order to express Ampere’s theory of magnetism 
in terms of the electron theory. Nevertheless it was only on the basis of 
the researches of P. Curie that P. Langevin was able to account for the 
difference in diamagnetism and paramagnetism. Curie found that the 
diamagnetic susceptibility is independent of the temperature while the 
paramagnetic susceptibility is inversely proportional to the absolute 
temperature. Langevin concluded that there is a fundamental difference 
between diamagnetic and paramagnetic properties. In Langevin’s 
theory the diamagnetism is a characteristic property of each atom which 
contains a certain number of revolving electrons. If the resultant 
magnetic moment of these electrons for an external point is zero, then 
the body is diamagnetic, the action of an external magnetic field consists 
in a change of the orbit, giving rise to the diamagnetic modification of 
the atom. If the revolving electrons possess a resultant magnetic 
moment, the body is paramagnetic. Matter in all its forms is dia- 
magnetic; paramagnetism, whenever it appears, covers as it were the 
diamagnetism, and there is no transition between the two distinct 
groups. We shall add a short deduction of the diamagnetic suscepti- 
bility. 

We consider in a diamagnetic gas an atom with an electronic orbit, of 
radius 7, the electron e revolving with velocity v, in a plane perpendicular 
to the magnetic field. The moment will be equal to M = mr°(e/T) 
without magnetic field; if a field H is applied, the time of vibration T 
and the angular velocity will change, so that 


2r r 
dM = ex( Zar -% ar) 


or neglecting the first part 
dT 
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If there are N orbits per unit volume and if the axes are uniformly dis- 
tributed in all directions, then we have 


2y2) 22} 
er2N er2N 
H, or k = —- —— 


M=- ' 
I2m I2m 





Apparently N and ¢ are independent of the temperature. This theory 
of Langevin of the diamagnetic susceptibility k is at the same time the 
theory of the Zeeman effect. 

In order to find the expression for the paramagnetic susceptibility fo 
a gas, we shall use a method quite different from that of Langevin. Let 
the angle between an external magnetic field H and the direction of the 
moment M of an elementary magnet be equal to a, the work required 
in order to rotate the magnetic particle from the direction H into its 
present direction will be equal to W = — MH cosa + C; the heat of 
the gas will change by this amount, and in order to keep the temperature 
constant, we have to add a quantity of heat Q = — W = MH cosa, 
and the increase of entropy will be equal to S = (Q/T) = (MH cos a/T); 
and this entropy will be proportional to the lograithm of the probability 
P that we find the magnet in the direction a 


MH cos a 
‘a ’ 





S = Rlog P + const. = 


MH cos a 
P= Cpr? 
and the number of magnets which are found in an angular interval da 


will be proportional to P, or 


MH cosa 
dn = Ke- RT 





‘dw, 
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where 
dw = 27 sin a da, 


MH Cos @ ‘ d 
RT 27 Sin a da, 


the total number N of molecules per unit volume will be 


dn = Ke 





N=2r Kf e* ** sin a da, 
where we put a for (MH/RT), 
K 
N= 5 od sin ha 
a 


and the intensity of magnetization { becomes: 





J = f M cos a dw 
0 
une 
sinha a 


The maximum value of the intensity of magnetization $,, = MN, hence 


3 = 9n (S22) = 9, (40 - 208 + + —_ .). 


" a 
sinha a 3 go 45-42 


Neglecting the higher powers of a = MH/RT we find 





MH 
MS = Sn ORT = kH, 
Ne 
- gir’ 


that is, the paramagnetic susceptibility is inversely proportional to the 
absolute temperature; that is the rule of Curie. 


EXPERIMENTAL FACTs. 


The phenomena are far more complicated than the theory of Langevin 
indicates. The investigations of H. DuBois, K. Honda, M. Owen, 
Kamerlingh Onnes, P. Weiss, A. Perrier and others have revealed a very 
large variety of phenomena, in which the rules of Curie are altogether 
exceptions so that we have to extend or abandon the present theories. 

The diamagnetic susceptibility should be an atomic property, which 
is independent of temperature, of a change of state, of a polymorphic 
transformation or of chemical combination. This is not the case. 
For instance, the diamagnetic susceptibility of amorphous carbon, of Cu, 
Zn, Zr, Cd, Sn, Sb, Te, Tl, 3, Pb, Bi, decreases with increasing tempera- 
ture, k in the melting of Ag, Sn, Sb, Ga, Ge, Au, Hg, Tl, Pb, Bi changes 
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discontinuously. In the polymorphic transformation of C, S, Sn, and Tl 
the susceptibility changes abruptly, even the sign changes in the poly- 
morphic transformation and during the melting process of tin. In the 
case of boron (o-400° C.), diamond, silver and iodine (o-114°) the dia- 
magnetic susceptibility increases with the temperature. There are only 
a few elements whose diamagnetic k remains constant within a certain 
interval of temperature; the diamagnetic susceptibility of an inorganic 
compound is not an additive property. Oxygen, for instance, is a 
strongly paramagnetic element, but if it combines with the paramagnetic 
elements of Be, Mg, Al, Mo, W, Th, it forms diamagnetic oxides. And 
in general the diamagnetic and paramagnetic properties depend so much 
on physical and chemical influences, that one might be inclined to ascribe 
them to electrons which are revolving on the surface of the atom. In 
organic compounds, at all events, it has been shown by P. Pascal that 
the molecular susceptibility X is an additive property of the atomic 
susceptibility. Oxygen in these compounds may be para- or dia- 
magnetic. In more complicated compounds, the structure has a great 
influence on X. The diamagnetic constants are on the whole not smaller 
than the positive paramagnetic values. 

The diamagnetic susceptibility of graphite is greater than the para- 
magnetic susceptibility of such an element as manganese, one of the 
strongest paramagnetic elements; charcoal, bismuth and antimony have 
also large negative susceptibilities. Besides in the crystals of graphite 
and antimony k varies with the direction of the axes. All these facts 
seem to indicate that what we observe is the difference between a positive 
and negative magnetism. 

A similar variety of phenomena is observed in paramagnetism. 
Oxygen follows Curie’s law at ordinary and at higher temperatures, but 
at lower temperatures the susceptibility varies inversely as the square 
root of the absolute temperature and finally probably becomes constant. 
Over certain intervals of temperature the susceptibility remains constant 
in the elements: Na, Al, K, V, Cr, Nb, W, Os, and even increases with 
increasing temperature in the case of Ti, V, Cr, Mn, Mo, Ru, Rh, Sr, Th. 
The ferromagnetic metals above the critical temperature, where the 
ferromagnetism disappears, seem to follow Curie’s law, probably with 
the exceptions of the compounds Fe;QO, and pyrrhotite. 

An extension of Langevin’s theory is necessary both for the dia- 
magnetic and the paramagnetic susceptibility. In the first place, in 
Langevin’s theory it is silently assumed that the moments of the ele- 
mentary magnets are independent of the temperature. This assumption 
is by no means self-evident. The electrons revolve in the outer layers 
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of the atoms probably and the moment of a molecule is the resultant 
of the moments of the atoms. With increasing temperature we have 
reasons to believe, the atoms share the energy of temperature agitation 
and the resultant moment of the molecule may be affected. Besides the 
fact that the diamagnetic susceptibility changes abruptly, in polymorphic 
transformations, in changes of state, in chemical transformations, 
indicates, that the diamagnetism is not simply an additive atomic prop- 
erty. In general we have to put: 


M = M,f(T). 


In the second place Langevin’s theory of paramagnetism applies 
only to gases and dilute solutions. The resultant magnetic moment per 
unit volume depends only on the directing power of the field and on the 
“scattering’’ power of the temperature agitation. The equilibrium 
between these two effects leads to Curie’s rule. But as soon as we con- 
sider a more condensed state of aggregation, the molecules will exert an 
influence on each other, and this influence for crystals will vary in 
different directions. P. Weiss has indeed extended Langevin’s theory 
to ferromagnetic substances by adding to the external field H an internal or 
molecular field N& which is proportional to the intensity {J of magnetiza- 
tion. In this way P. Weiss was able to explain a large number of phe- 
nomena of ferromagnetic crystals. A similar influence however must 
exist in paramagnetic solid and liquid substances. The mutual action 
of the molecules will be a certain function of the temperature f(T) and 
will in general oppose the tendency of the external field to direct the 
elementary magnets, just as the temperature agitation; so that the 
energy of the opposing forces may be written in the form; RT + fi(T); 


Mf(T)H 
the parameter a will now be equal ogee a and {¥ will become: 











¥ = myg(r)w [ ‘| 


sinha a 


% = a 
J = MsTN [Xa 0° + | 
or approximately: 
— 
[Mof(T)PN 


b= cRT +A 


if f(T) is a constant, for instance, equal to 1 and f,(T) also a constant 
OR, then we find 


3 
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~ 3(RT + OR) 





k 


or 
k(T + ©) = constant, 


a result which has been deduced by E. Oosterhuis' from Planck’s theory 
of quanta of energy by entirely different considerations. At very low 
temperatures the specific heat of all substances seems to approach zero, 
the coefficient of expansion approaches zero also, the electrical conduc- 
tivity of metals becomes very large, if not infinite, the thermal conduc- 
tivity increases rapidly. All these properties can be explained by the 
assumption that at these very low temperatures in the neighborhood of 
the absolute zero the molecules gradually lose their mobility, and a given 
substance at absolute zero is a real solid body, as it were one large 
molecule, where the molecular mobility has disappeared; that means 
that the influence of the temperature agitation of the individual ele- 
mentary magnets becomes weaker and weaker and that we can not even 
define the molecular magnet, because the whole system of magnets is as 
it were solidified, so that even at the absolute zero saturation of a sub- 
stance is impossible and that the influence of temperature becomes 
smaller and smaller or the paramagnetic susceptibility becomes constant. 
This seems to be the tendency of solid oxygen. 

If now at the lowest temperatures the function ([f(T)]?/RT + fi(T)) 
is a constant, and at rather high temperatures is equal to 1/T and 
changes continuously from one extreme to the other, then it will in 
intermediate temperatures be approximately equal to 1/7?, and for this 


interval we shall have: 
= M,N 


3r' 
a result which has been obtained by H. Kamerlingh Onnes and A. 
Perrier for liquid and solid oxygen. The formula k(T + 90) = C or 
X(T + 6) = C, where X is the molecular susceptibility will be tested 
by means of measurements made in Leiden? on manganese sulfate. 

In the next place the free electrons will be considered as contributing 
to the diamagnetic susceptibility. It has been shown by H. E. Dubois 
and K. Honda that the diamagnetic susceptibility of amorphous carbon, 
Cu, Zn, Cd, In, %, Sb, Te, Tb, Pb, Bi, Sb decreases with increasing tem- 
peratures. The strongest diamagnetic metals are Sb and Bi, which 
show also a very large Hall effect. The magnetic field seems to act on 


1 Die Abweichungen vom Curie’schen Gesetz im Zusammenhang mit der Nullpunktsenergie, 
Phys. Zeitschrift, Vol. XIV., p. 862, 1913. 
2 Leiden, Comm. No. 132e. 
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Tabs. (|-10% Abs.| C1010 @=1,18 | Tabs. X.- 108 C1010 © = 26.5 
288.7 | 66.3 | 1.92 | 293.9 | 828 | 2.82 
169.6 111.5 1.905 | | 169.6 | 144.2 2.83 
77.4 247 1.93 | | 77.4 | 274.8 2.85 
70.5 270 1.93 | 64.9 | 314.5 2.87 
64.9 292 1.93 | | 20.1 603 2.82 
20.1 914 1.94 17.8 | 627 2.78 
17.8 | 1,021 1.94 | 144 | 636 2.60 








14.4 | 1,233 _ 192 | 


the free electrons so that they move in spirals or circles and produce 
diamagnetism. EE. Schrédinger' found for the contribution k of the 
diamagnetism, made by the free electrons: 


k= —-—)N, 


where JN is the number of free electrons per unit volume, and \ the mean 
free path. The effect, calculated in this way, is 100 times too large for 
silver and copper, which seems to be another argument against the 
“free’’ electrons in metals. Nevertheless the action of temperature 
on diamagnetism and the fact that Sb and Bi have a large Hall effect 
and a large negative magnetism indicate that the conduction electrons 
contribute somewhat to the diamagnetism. 


THE PERIODIC SYSTEM OF THE ELEMENTS AND THEIR MAGNETIC 
PROPERTIES. 


The elements may be arranged in series according to the atomic 
weights in different ways. A certain periodicity between atomic weights 
and magnetic properties always appears. If the atomic weights are 
represented by abscisszee and the magnetic susceptibilities as ordinates, 
the curve obtained is of a most irregular character, representing seven 
distinct maxima, among which that of the iron group is by far predomi- 
nating. If only the sign of the magnetic properties is taken into account, 
one gets the best representation perhaps by the method of the helix 
due to B. K. Emerson, which is given in Fig. 1. 

The strongly magnetic groups appear on a diameter, where we find 
Fe, Ni, Co, then Pd, Ru, Rh, then Gd, En, Sm, then Pt, $r, Os. Moving 
on the spiral from iron to the right, we meet Mn and Cr, elements which 
are paramagnetic, but whose strongly magnetic properties appear only 
in some of their alloys and compounds such as the Heusler alloys, manga- 


1 Kinetische Theorie des Magnetismus, Sitz. Ber. der K. Akademie der Wissenschaften, 
Ila, Bd CXXLI., p. 1305, 1912. 
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nese-antimony, manganese-tin, manganese-zinc, Cr;09. On the right 
hand side from the ferromagnetic elements, there are paramagnetic 
elements, on the left hand side the diamagnetic elements. Opposite to 
the magnetic metals there are the inert gases, which seem to be weakly 
diamagnetic. On the right-hand side of the inert gases we find the alkali 
metals whose weakly paramagnetic properties are not yet sufficiently 
known. The strongly magnetic metals, cobalt, nickel and iron, belong 
to the elements with minimum compressibility, with most complex 
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spectra, with complex double salts, with great condensation of mass, the 
heavy metals. Thus it looks as if condensation of electronic orbits 
were a maximum in these ferromagnetic metals and that the magnetic 
properties were related directly or indirectly to the mechanical, optical 
and chemical properties. It is very remarkable that immediately after 
the strongly magnetic metals there follow the diamagnetic metals: 


ee sheath hiss Stn nas ee ees es a i i KA —0.66 
Rate: ai acaba phon chee. Gatos Sores itive: Ga ates eh wie —1.4 
ie Mee FEAR AERA Meo a ance mats 
Died etna ee neice wae een —2.6 


ci ce cee as saick oot Asda wean waco iw aR Me SIN te —0.96 
RM cid) s uae aioe eso tiene aha acelnar a elaborate —1.16 
MS de ee Sie esssorin sad SH iGO ee wea aa ee 
DRS co eed Cp Ss LER OEE ae ee —2.6 


When we move outward on a diameter of the spiral, the diamagnetic 
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susceptibility increases. The same rule is repeated by chlorine, bromine 
and iodine; sulphur, selenium and tellurium; phosphorus, arsenic, 
antimony, bismuth. If a@ represents the atomic weight, a and B two 
constants, then the atomic susceptibility can be represented for the last 
three groups by 

X,= — Cth, 


The same law seems to hold for all the groups of diamagnetic elements 
which are in the previous representation on the left of the diameter 
passing through the iron group and the inert gases. Thus, for instance, 
for zinc, cadmium and mercury we find: 





0.96-65. 

Xn = OSE gt 8.83-107°, 

7.1 

1.16-112. 

Xca= 3 —~ po* = 15.2-10°%, 
2.6+ 200 

y= —_ 10% = - 107° 

X yg 13.6 10 38.3-107°. 


If we put 
%._ = 10°*** 


we find from Cd and Hg for a and 8 the values: 


a = 0.6146, B = 0.00502, 


log Xn = 1.583, the calculated value 1.618. 
The agreement is not so good for the last diamagnetic group of elements: 
Cu, Ag and Au, here the atomic susceptibilities are as follows: 


Xeu = 5.29°10-*, 
Xag = 14.39°10~, 
Xan = 26.55:10-°. 


The copper seems to make an exception. Whether this is due to an 
inaccurate determination of X or to the fact that this element follows 
immediately after the iron group, remains an open question. Between 
the Zn, Cd, Hg group and the P, As, Sb group there are two more groups 
of diamagnetic elements, namely, those of Ga, Yn, Tl and Ge, Sn, Pb. 
The few values of X known for these elements show that this magnetic 
constant increases toward the periphery along the diamagnetic diameter 
of the spiral. 

If we travel along the spiral from copper towards zinc and from silver 
toward cadmium, we find the following values for the atomic suscepti- 
bilities. 
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With the exceptions of As and Sn the atomic susceptibility increases 
from the south toward the north of the graphic representation. While 
in the strongly magnetic metals the susceptibility decreases as we move 
on the diameter outward, the diamagnetic susceptibility increases when 
we travel in the same direction. Oxygen occupies an exceptional position 
through its paramagnetic properties. Its regular diamagnetic properties 
appear only in some of the organic and inorganic compounds. 

No theory of magnetism is complete, which is unable to account for 
the exceptionally high magnetic constants of iron, nickel and cobalt 
and of the other few ferromagnetic substances like the Heusler alloys. 
All elements can be divided into an electropositive and an electronegative 
group; all elements are either para- or diamagnetic. Just as we can try 
to ascribe the forces of affinity to electrical charges in the atom, we might 
try to reduce affinity to magnetic forces, or magnetons. It is very inter- 
esting to note that the strongest positive metals of the alkali group are 
the weakest paramagnetic elements; and that the most negative elements 
like F, Cl, Br, 3, are rather strongly diamagnetic. While the chemical 
properties of the most electropositive and electronegative elements may 
be explained by electrical forces, it seems possible to think that the mag- 
netic forces due to magnetic doublets play a similar rdle in the chemical 
affinity of the elements with strongly magnetic properties. In this way 
we should get a periodicity of the magnetic properties as functions of 
the atomic weight as we have a periodic variation of the electropositive 
and negative properties of the elements. The graphical presentation of 
the law of periodicity shows the strongly magnetic metals just opposite 
to the strongly positive and negative metals. This explanation of the 
periodic variation of the magnetic properties would obtain strong support 
if it were possible to prove that all magnetons are identical just as all 
electrons are identical. But there is very little evidence in favor of the 
identical nature of all magnetons or elementary magnets as we shall see 
in the last paragraph. In three investigations! published in this journal 
the moments of the elementary magnets and the charge e have been 
determined for the following substances. 


1 The Absolute Values of the Moments of the Elementary Magnets of Iron, Nickel, and 
Magnetite, PHysicAL REVIEW, Vol. XXX., p. 359, 1910. Stifler, PHYSICAL REVIEW, Vol. 
XXXIII., p. 268, t911. P. Gumaer, PHysicAL REVIEW, Vol. XXXV., p. 288, 1912. 























| mo? | é- 1020 
isa siete aednanineekdebaw ens | 5.15 | 1.60 
Licht de eeene eh danwieuaeis 2.02 0.90 
Dts bedetnesdetbendade ener tu 3.65 1.54 
Gc Ga pide enennawsurn anions 6.21 1.56 
Heusler alloy 1................ 3.55 | 1.54 
Lk. ORCL CT eee 4.23 2.04 


1.53:10- =e(average). #8 | | 
This value of e agrees fairly well with the values obtained by independent 
methods. On account of the necessary extrapolations it is difficult to 
obtain higher accuracy. 

While I used the Langevin-Weiss theory for the determination of the 
elementary moment m, P. Weiss himself measured the intensities of 
magnetization at very low temperatures, and found noticeable deviations 
between the theory and the experiment in the temperature-intensity 
curve and he found at the same time a common divisor among the molecu- 
lar intensities of the ferromagnetic substances. He called that divisor 
the magneton-gram, for which he gave the value 1,123.5. In addition 
the paramagnetic susceptibility of Fe;0, above the critical temperature 
showed discontinuities as function of the temperature, which consisted 
of four straight lines, each of which led to a new determination of the 
magneton. Finally P. Weiss applied the equation 


= nF St 
3r 
to solutions of paramagnetic substances containing iron and to a con- 
siderable number of solid salts. It has been shown, however, by Koenigs- 
berger and Meslin that the molecular coefficient of magnetization of dis- 
solved substances is a function of the concentration; at least for some 
solutions, while for others it seems to be constant. This fact makes it 
necessary to study solutions infinitely dilute or undissolved substances. 
The number of magnetons found by Weiss in the various substances is 
shown by the following series, in which the values coincide nearly with 
whole numbers. 


10.41 28.83 
21.89 26.99 
21.96 28.94 
24.04 29.19 
28.03 21.23 
27.93 25.05 
30.09 17.97 
25.99 20.04 
27.11 12.12 
27.91 20.16 


27.69 20.16 
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If we displace the decimal point by one cypher to the left, we find again 
approximately whole numbers, which with one exception are almost as 
exact as the numbers given by P. Weiss. The numbers of magneton 
per molecule is rather high and it is not very surprising that in dividing 
for instance, 32,400 of FeCl; by 1,123.5 one finds approximately a whole 
number, 28.83 or 2.883 respectively. The large number of magnetons 
shown by the last two columns raises the question as to why those 
substances are so weakly magnetic, while nickel, being ferromagnetic, 
possesses at low temperatures only 3 magnetons. In addition, the 
numbers given by P. Weiss are based on the assumption that the magne- 
tization of the pure salts and of the solutions varies according to Curie’s 
law down tothe absolute zero. As far as I know, this assumption has 
not yet been tested by experiments. Recently however Auguste Piccard! 
measured with great accuracy the susceptibility of oxygen at 20° C. 
and found for the moment of the atom: 7.8725.10!; dividing this number 
by 1123.4 one gets 7.007, a whole number again. But in this case H. 
Kamerlingh Onnes and A. Perrier have shown that at low temperatures 
the susceptibility of oxygen changes according to the law: 


2284 
Aw = —=10, 
we 
1690 
Au = —= 10°. 
sol JT 10 


If this element does not follow the law of Curie, solid salts and solutions 
will probably also show deviations, and at the same time the evidence in 
favor of the magneton will decrease. At all events the number of 
magnetons seems to vary in the atom of a given element like nickel, which 
contains 3 magnetons at low temperature, 8 at high temperatures, 9 at 
the limit of the alloys of iron and nickel, 16 in the solutions. In order 
to determine the magneton P. Weiss, abandoning the theory, has directly 
measured the molecular moments of iron, nickel and cobalt; Auguste 
Piccard, on the contrary, has used the theory in order to find the mag- 
neton in spite of the measurements of Kamerlingh Onnes and A. Perrier. 
If we assume that Curie’s law holds down to the absolute zero, we find 
for the elementary moment of oxygen 


m = 2.58-10~”. 
The moment of each individual magneton of Weiss on the other hand 
would be equal to: 


1123.5 


rea as 1.85-107*!. 


1 Archives de Genéve, Tome XXXV., p. 480, 1913. 
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If we determine the molecular moments by means of Langevin’s theory, 
we find values varying from 2.02-10~* to 5.15-10~* for substances so 
different among each other as oxygen, iron, magnetite and Heusler alloys. 
These values are of the order of magnitude which we should expect from 
the theory of quanta by Planck. Let us assume that the kinetic energy 
of a revolving electron 3mv? is equal to a whole number z times kn, 


then we find: 


mor? hwz 
—— = shan = —, 
2 Qn 
hz 
oF = —., 
™m 


The moment of M of the revolving electron will be equal to: 


sttinatu lt? 
M=iA ae ta? 


if we put s = 1, we find M = 1.83-10~*; for the frequency ” we find 
1.63-10", assuming r = 1.5-10~8. Why are these magnetons not sources 
of light? Not much importance must be attached to this approximate 
coincidence of 1.83-10-% with the moments determined by means of 
Langevin’s theory. We find indeed about the same magnetic moment 
without the theory of the quanta, by calculating the velocity of the elec- 
tron by the equation: 


putting 7 = 1.5-1078; we get m = 1.4-10%; M = 1.54:10-*%. And the 
question arises again, why does such a magneton not emit light? The 
difficulty might be removed by admitting a large number of electrons 
revolving in a circle, instead of one electron. The assumption of one 
single magneton, identically the same in all substances, seems to require 
much more experimental support, if it exists at all. 
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ON THE PARTITION OF ENERGY BETWEEN MATTER AND 
ETHER. 


By Louis WEISBERG. 


“THE Rayleigh-Jeans formula for the distribution of energy in normal 

radiation (that of the black body) requires the total energy in 
the spectrum to be infinite.! Since bodies which require the addition 
of an infinite amount of energy to raise their temperature through a 
finite interval are quite foreign to our ordinary experience, it is clear that 
this formula must fail in that part of the spectrum where the energy per 
unit interval of frequency increases indefinitely with the frequency. 
The statement is often made that the validity of the formula throughout 
the spectrum is a necessary consequence of the “classical’’ dynamics.? 
If that be so, the classical dynamics is evidently unsuited to the treat- 
ment of radiation and kindred phenomena. It is useless to argue, as 
Jeans has done, that in our experiments we do not observe true equi- 
librium of radiation but radiation which has reached only a state of quasi- 
equilibrium, and that the final state (which requires perhaps an infinite 
time in which to establish itself) must conform to the formula.’ For to 
accept such a view one’s confidence in the theory must be greater than in 
the observed facts which it fails to explain. Jeans himself has abandoned 
this contention, and, if I do not misunderstand him, now asserts that 
we have come to a pass where some form of quantum is the only outlet. 
Poincare,’ Jeans,® and, I believe, McLaren® (although I cannot follow his 
argument throughout) have arrived at results which are generally inter- 
preted so as to involve the necessity of some form of discontinuity, if 
the total energy in the spectrum is to be finite. In the present paper I 
attempt to show that equipartition throughout the spectrum is not a 
necessary consequence of the classical dynamics, although a derivation 
of the sort of partition which would lead to Planck’s formula I am unable 
to offer. 


1La Théorie du Rayonnement et les Quanta, Langevin and de Broglie, p. 15. 
2 Planck, Warmestrahlung, 2d ed., p. 179. Poincaré, Derniéres Pensées. 

3 Jeans, Phil. Mag., 10, 91, 1905; 17, 229, 1909. 

4 Poincaré, Journ. d. Phys. [5], 2, p. 5, 1912. 

5 Jeans, Phil. Mag., 20, 443, 1910. 

6 McLaren, Phil. Mag., 22, 66, 1911; 23, 513, 1912, 25, 43, 1913. 
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It is an experimental fact that within a limited portion of the spectrum, 
the Rayleigh-Jeans formula is as good, if not better than, any other.! 
For high frequencies, it fails altogether. Let us call vo that value of the 
frequency above which the formula cannot safely be applied. A dimen- 
sional argument is sufficient to show that the number of frequencies 
per unit volume in a radiation field between v and v + dy is equal to 
kv*dv, where k is a finite numerical factor. Consequently, if we assume 
absolute equipartition when » is less than or equal to vo, the total amount 
of energy distributed in this manner is 


f RBTv*dv = $kBT>,*. 
0 


Thus there is equipartition only among part of the degrees of freedom, 
and they receive altogether at most a finite amount of energy. Lorentz 
has in fact proceeded after this phenomenological fashion in his derivation 
of the Rayleigh-Jeans formula.*? To insure a finite value for vp he sup- 
poses the existence of concealed codrdinates whose function is simply to 
keep the energy finite. Although nothing is known about the nature of 
this concealed mechanism, the derivation of Lorentz is, in my opinion, 
the only one which can be regarded as at all satisfactory; for it will appear 
in a later paragraph that the statistical methods on which all the deriva- 
tions rest become meaningless (and all the formulas illusory) if the total 
energy can become infinite. 

Equipartition follows in general when the energy can be expressed in 
certain special forms as a function of the momenta and the codrdinates 
of the system. According to McLaren, equipartition of kinetic energy 
is assured if for finite values of the energy all the momenta remain 
finite. Jeans states the proposition that if the energy (or any part of it) 
is expressible as a homogeneous function of the variables (or part of 
them), each of the corresponding degrees of freedom will possess on the 
average an amount of energy proportional to the absolute temperature. 
Doubtless there are any number of other conditions sufficient for equi- 
partition. The really important thing to notice is that no one has proved 
the existence of equipartition among an infinite number of degrees of 
freedom, nor would such have meaning. 

Let us consider an ensemble of dynamical systems, part of which may 
be material in nature and the rest ethereal. The systems comprising 
this ensemble differ in the configurations and velocities which they have 
at a given instant, not only infinitesimally, but it may be so as to embrace 
every conceivable combination of configurations and velocities. The 


1 Planck, Warmestrahlung, p. 164. 
2La Theorie du Rayonnement, I. c., Nuovo Cimento [5], 16, 1908. 
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first question concerns the distribution in phase of the whole number 
at any time, when it has been given for some one time. When the 
distribution is permanent in time, the ensemble is in statistical equi- 
librium. Suppose that the equations of motion are given by 





dx, 
di = X,, (rf = 1,2, ..., ), (1) 
where X, may be any function of (1, x2, ..., Xn, t). The nature of a 


system of equations of this sort is closely connected with the value of 
certain expressions to which Poincaré has given the name integral in- 
variants. The equations may be regarded as defining the motion of a 
point whose coGrdinates are (x1, x2, ..., Xn) in a space of m dimensions. 
Any group of such points which at a time f) occupy a p-dimensional 
region Vp» will at a subsequent time ¢ occupy another -dimensional 
region V. A p-tuple integral taken over V is called an integral invariant 
if it has the same value at all times ¢; the number p is called the order 
of the integral invariant. Of particular importance are certain integral 
invariants whose order is equal to that of the system of equations. If the 
fractional number of systems out of the whole ensemble which at a given 
instant occupy the volume 6x; ... 6x, is Péx, ... 6x,, we must surely 
have at all times 


ff... [Pim ... bn = 1, (2) 


when the integrations are taken over all possible values of (x1, x2, ..., %n).! 
If (Wi, Ye, ..., Wn) are a set of m arbitrary and independent constants 
of the integral equations of motion, the quantities (x, %2, ..., X,) can 
be expressed in terms of these constants and the time. Then 


O(x1, Xe, ...) Xn) 
J J asteebiees maa 
The condition that the integral (2) shall be invariant with respect to the 


time is 
df pauann)] _ 
dtl A(x, Yo, ..-) Wn) 


. » Xn) 





or 
1 The variation indicated by the symbol 6 will always be one in which the time is fixed; 
thus it represents the passage from one contemporaneous path to another. If L is any 
function of (x1, x2, +++, Xn, t), we have 
6L = — 6x,, 
p> Ox, 


while 








Vol. VI] PARTITION OF ENERGY BETWEEN MATTER AND ETHER. 129 





dP d(x, X2y «2 ey Xn) +P X25 cc ey Mee ay 4 X,, Xr4iy ya sqiied 
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This equation shows that P must be a last multiplier for the system of 
equations (1). If the equations can be brought into the form 


dqy OH dbp, 0H 


ae! 2 TO FOES 








where Q, is a function only of (q1, 2, ..., dn, t), then 2; 0X,/dx, = oand P 
is entirely independent of the time. In any event the condition 


dP 2d(PX,) 
ot > ~ 


| OX, 


(3a) 


is sufficient for statistical equilibrium. It is not possible to make much 
progress without more definite information about the nature of the 
equations (1). A theorem due to Koenigs fortunately supplies just 
what is required for the problem in hand. 

Corresponding to the system of equations (1) there exist an infinite 


number of integral invariants of order one.! Let 
1 Whittaker, Analytical Dynamics, Chap. ro. 


J Made: + Madxe +... + Mndxn, (4) 


where MM), Mo, ..., M,, are functions of (x1, x2, ..., Xn, ), be one of these; 
the condition for this is 























" dM, du zt 
405 us) = EG ix. + M,— + M,8X,) =o, 
1 
since 
dbx, dx, 
dt = § dt = §X,. 
Consequently, 
" aM, 
s(x.) = - (Se ox, - xm,). (5) 
1 


The linear differential form in se may always be reduced, according as 
n is odd or even, to one of the two forms 
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SERIES, 

pid == p26q2 + ad 4+ Pr6gx sed éW, (2k I= n), (A) 

Pidgi + probge +... + prbgz, (2k = n), (B) 

where W, pi, ..., De, Gi, «++, Ge are independent of one another. (A) 


and (B) are spoken of as the canonical forms. The proof of the possi- 
bility of this reduction may be found in any treatise on Pfaff’s problem,! 
but the reduction in practice generally requires the solution of a finite 
number of differential equations, and so may involve serious difficulties. 
The existence of such reduced forms is, however, sufficient for the present 
argument. 

Suppose then that the reduction has been performed on the differential 
form in (4) giving for example, the type (A), and that we take as new 





variables W, pi, ..., Di, Qi, ---» Qe, together with a number of other 
variables m1, we, ..., us such that s equals nm — 2k — 1. The equations 
(1) become with these new variables 

dW _ dpi _ _ ope _ dh | qn _ dy | _ i a (6) 
% io! eel Bale! ee ees Ae ’ 
where L, Pi, ..., Px, Qi, ..., Ox, Ui, ..., U, are functions of W, pi, ..., px, 
Gi, +--+» Qky U1, ..., Us, and t. The condition (5) then transforms into 


6 (4.0, = L) oo oe (P,6q, — Q,5p;). 
1 1 
On writing H = 27p,0, — L, this becomes 


6H = > (Q,6p, — P,6q;), 


which shows that 
0H 


ons = 





0H 
QO, = ap, and P, = 


The system (6), which is of course equivalent to (1), finally takes the form 
dq, _ aH dp,__ aH 








dt — Op,’ dt — al = 1,2; ohne (7) 
dw = 0H 
La = br 55, — Hi (8) 
du; - 
ym Vil = 12, «0 5). (9) 


If, however, the reduction of the differential form in (4) gives the type 
(B), one obtains after the same fashion 


n 


5( 0.0.) = 2 (0,6p, — P,5q,), 


1 
1 For example, Forsyth, Theory of Diff. Equations, Vol. 1. 
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and on placing H = 2/p,0,, 


oH 
seme =. 
Op, 0g, 








Q, = 
while 


= 0H 
H = dL Pr55 


In this case, H is a homogeneous function of the first order in the p’s. 
Finally the equations now become 


dq, OH dbp, 0H 





dt ap,’ dt io 2, er (7a) 
with 
du; , 
a = Ui = 1,2, «+1 8). (9a) 


The difference between the two cases (A) and (B) is seen to be simply 
that for the latter L in equation (8) becomes equal to zero. In either 
case the system (1) reduces to the Hamiltonian equations (7) or (7a) 
together with the subsidiary equations (9) or (9a). Nevertheless, I will 
henceforth assume that 2 iseven. No serious limitation on the generality 
of the result can arise from this, for in ordinary dynamical systems the 
equations of motion are all of the second order, and these may evidently 
be reduced to a system of double the number of equations of the first 
order. Moreover, I shall assume that none of the quantities X1, Xe, 

.2y Xn, Mi, Me, ..., My contains the time explicitly; then 2}(17,X,) is 
independent of the t time and H is therefore an integral of the syStem (1). 

Now construct a 2k-dimensional space in which (fi, pe, ..., Pes Gy Jes 
..+) Qk) are taken as coérdinates. Then 


J... [Pop ... sprig... dq = 1, (10) 


if the integrations are taken over all possible values of these codrdinates. 
Evidently the distribution given by P is permanent in time since by (3), 


x (24 2a) 


Op, + aq, 
For statistical equilibrium dP/dt = 0, and so 


dP_ oP +E (SES i > (=x - dP dH 
2 dq, dt ° dp, dt} 0q,0p, Op,dq, 


dt at 
The last equation requires that P shall be some function of H. Among 
all the possible distributions satisfying (10) and (11) there is one which 
is unique in the possession of certain properties which are the foundation 
of some important relations to thermodynamics. This is closely akin 




















) = 0. (11) 
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to the distribution which Gibbs has called canonical.! If 6 and y are 
constants, and @ positive, let 


P=¢@ = ¢-"", (12) 
The main justification for employing this distribution lies in the theorem 
which will now be proved. Let us write e’-”/®*4" for any other distri- 


bution giving the same average value of H in the ensemble, where A7 is 
an arbitrary function subject only to the limitation 


ff... feo 9rep 20. ign = fo Se Sp. ...8qe = 1, (13) 


and to that relating to the constant average value of H, namely 


f. SHE 5p, 22. bge = f.. [He Sp, ... dqe. (14) 


It is to be proved that 


Y H . 
fo [(E-F +41) e #)/0)+4n 5p, — | 
H 
> ff ('-3 e—M0S5p, ... Sqe. (15) 


If (13) be multiplied by y/@ and (12) by 1/@ and their cifference sub- 
tracted from (15), the proposition to be proved reduces to 


ff. : Jf Ane P/+ 425 p, ... 6g¢ > 0, 


which may be written in virtue of (14) 


ff. : Sf (ane +1 — ee’ 5p, ... 5qe > O. 


Its truth follows at once from the observation that the parenthesis can 
never have a negative value and is zero only when Ay is zero. Therefore, 
if an ensemble of systems is canonically distributed in phase, 7. e., 
according to (12), the average value of 7 or log P is less than in any other 
distribution having the same average value of H. If H can be identified 
with the energy, this becomes the distribution treated by Gibbs. Asa 
matter of fact, it is easier to identify the average value of H with the 
energy rather than to identify H itself. In the cases we are considering, 


. oH 
H = Paa # 
2 Psp, 


so that for its average value in the ensemble, we have 


1 Gibbs, Elementary Principles in Statistical Mechanics. The proposition which follows 
is in no essential different from that given by Gibbs (Chap. VII) except that H in the present 
case has not been identified with the energy. The proof is naturally similar to his. 
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No. 2 
~_Jo es 


fF. _ et 5p, 


On integration by parts, 


ie br55 et ip, _ of” e—D 185, 
—o r —® 


since the integrated terms vanish at the limits. (It is not necessary to 
take the limits infinite, for the probability of extremely large values of 
any p, is so small that the integrated term is sure to vanish if only the 
limits are taken large enough.) Finally, the average value of H reduces 





simply to k@, each one of the terms ,(0H/0p,) contributing an equal 
part, namely 0, to the sum. This is true, of course, only if the limits of 
integration for the p’s are independent of the q’s, and the limits of the 
various p’s are independent of each other, as well as of the g’s. Burbury 
would probably question the result on account of this assumption,! but 
I am not able to satisfy myself that his criticism hits the mark, and there 
is no general consensus that it does. 

So far the influence of external bodies on the ensemble has not been 
considered, but for the sake of completeness in the identification of the 
average value of H it will be well to do so. Such bodies will not be 
regarded as forming part of the system, although their positions affect 
the forces acting on the system. Their influence may be sufficiently 
accounted for by the introduction of a proper number of codrdinates, 
aj, dz, ..., etc. It is perhaps important to remark that, although these 
coérdinates will affect the value of H and hence the distribution in the 
ensemble, none of our previous results will be affected. From (10) 


and (12), 
ev le =f... fe™ opr. .. 69% 


In this equation, by which y is determined, the external codrdinates, 
a), 2, etc., contained implicitly in H, as well as 6, are regarded as constant 
in the integrations indicated. So by differentiation with respect to these 
quantities, 


I y I —H/ 
—v/of _ - ¥ ie an H/@ 
e ( “dy + <a) ido ... f He bp: .. 
I dH _ i 
— Fda, f ... fe 5p, ... dgx 
I : dH —H/@ 
- “da | nee {oe bp, ... dqx —, etc., 


1 Burbury, Kinetic Theory of Gases. 
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or multiplying by 6e”’*, and setting A; = — dH/da;, Az = — dH/daz, etc., 


— dy + "a9 _ ido { ... [ mee-”sp, ... 69k 


+ da: { ose f Av %p, a 69% 


+ da: { aaa f Axe %p, ... dgx + ete. 


Denoting by a horizontal line above the symbol the average value in the 
ensemble of that quantity, we may write this equation as 


H a _ 
dy = x -_ ; ) ds a Ada; — Acda2... (16) 
From the definition of P, 
5-4, (17) 
or 
dy = dH + 6dq + 7d0. (18) 
By comparison of (16), (17), and (18), we get 
dy = 7d@ = Aida, = Acdar (eng (19) 
dH = = 6d7 —_ Aida, _ Aodas et (20) 
If we write U = H, F = y, and S = — 7, these equations become 


identical in form with the usual thermodynamic equations connecting 
the energy U, the entropy S, the temperature 6, and Helmholtz’s free 
energy F, the external work being given by 


dW = Ada; + Asda, + .... 


Although this matter of the thermodynamic analogies afforded by canon- 
ical ensembles is an extensive one, it must suffice to remark here that to 
human perception the average value of H will be indistinguishable from 
the total energy of the ensemble, @ from the temperature, and the average 
value of — 7 from the entropy. The proposition stated in equation (15) 
is thus seen to be equivalent to the familiar one that in any change 
undergone by a system whose energy remains constant, the entropy 
cannot diminish.!. The correspondence between these average results 

1 Many other propositions analogous to familiar theorems in thermodynamics are to be 
found in Gibbs’ book (previously cited). The reader who wishes to satisfy himself further as 


to the close relation between U and H will find there processes carried out analogous to the 
passage of energy from bodies of higher to lower temperature, the complete Carnot cycle, etc. 
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for the ensemble and the results of empirical thermodynamics increases 
rapidly as the number of degrees of freedom of the ensemble increases. 

Although we have developed these thermodynamic analogies only 
for part of the original ensemble (namely, those systems for which the 
differential equations could be brought into the Hamiltonian form), 
it is equally possible to derive such relations to thermodynamics for 
the whole of the original ensemble. But now the analogies do not 
involve exactly the same quantities. Nevertheless the correspondence 
becomes quite perfect on all points of importance as the number of 
degrees of freedom becomes very large. Consequently for an ensemble 
comprising both ether and matter, it becomes as close as we desire, 
provided our theorems do not fail in passing to the limit from an exceed- 
ingly great, but finite, number of degrees of freedom to the case where 
the number is infinite. While it is important to make this reservation 
and bear it in mind, it should be distinctly stated that all our experience 
constitutes evidence against such a possibility. Even if we do not regard 
natural phenomena as capable of being completely described by con- 
tinuous equations, there is no reason to believe that an ultimate statistical 
explanation of the laws of thermodynamics cannot be found. At any 
rate, in none of the forms of quantum theory which have so far been 
advanced has this been questioned; and indeed, in most of them it is 
employed as a fundamental method of studying equilibrium conditions. 
We may therefore consider ourselves on ground relatively safe if we 
employ these considerations to draw our main conclusion. 

We have found that in an ensemble made up of ether and matter 
together, part of the equations of motion can be reduced to the Hamilton- 
ian form, and that if the corresponding degrees of freedom are taken 
together to form another ensemble, then the quantity whose average 
value is, to human senses, identical with the total energy of the reduced 
ensemble, is divided equally on the average among these degrees of 
freedom. It is not possible to prove such equipartition for the whole of 
the original ensemble, because the interaction of ether and matter 
cannot be adequately represented without the introduction of forces 
depending on the velocities. Any demonstration of equipartition, how- 
ever, must require the forces to be derivable from a potential function, 
or otherwise to depend only on the coérdinates and the time, but not 
on the velocities of the systems.! Of course, this does not mean that the 
forces cannot depend on the velocities at all; the Schering potential 
function affords an example in which the forces, while derivable from a 
potential (and satisfying the principle of energy), still depend on the 


1 Jeans, Dynamical Theory of Gases, p. 176. 
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velocities! Accordingly, the energy of radiation, regarded as involving 
in its origin the interaction of matter and ether, can be distributed ac- 
cording to the Rayleigh-Jeans formula only through part of the spectrum, 
and only among a finite number of degrees of freedom. We 
need only examine our formulas to see that the canonical ensemble 
becomes illusory when the average value of H becomes infinite.2 In 
order that the coefficient of probability P shall have any meaning, its 
value must lie between zero and unity. Then if @ is neither zero nor 
infinite (values which are of course never realized in any of our experi- 
ments) the value of P passes the bounds only if H, and hence the total 
energy, becomes positively or negatively infinite. Hence only a finite 
amount of energy can be distributed according to the law of equipartition. 

We are led thus to a complete reconciliation between experiment and 
dynamical theory so far as the equipartition of energy is concerned. 
That the interaction between matter and ether involves forces of char- 
acter such as is sufficient to ensure that the whole system of equations (1) 
does not reduce to a purely Hamiltonian system without the subsidiary 
equations (9) or (ga), is, I believe, a logical inference from the fact that 
in none of our experiments do we find indications that energy tends to 
accumulate on the average in the ether at the expense of material energy. 

The whole point of the matter may be made somewhat clearer by an 
illustration. Imagine the ether to be a fluid, such as is ordinarily studied 
in hydrodynamics, moving irrotationally through perforated matter 
imbedded in it. The motion of such a system has been investigated by 
Kelvin. The kinetic energy of the whole system can be expressed as 
the sum of two parts, the first of which refers only to the matter embedded 
in the fluid, and the second only to the fluid. That part referring to the 
matter is a homogeneous quadratic function of velocities sufficient to 
specify its motion completely, while the other part is a homogeneous 
quadratic function of the cyclic constants of the fluid motion. From 
the kinetic energy the equations of motion can be formed after the 
Lagrangian method, and the coérdinates which refer to the fluid turn 
out to be ignorable; so that by the formation of a modified Lagrangian 
function a system of equations is obtained which does not involve any of 
the codrdinates of the fluid. Now if an ensemble of dynamical systems 
obeying these equations of motion is formed in the usual manner, it is 
found that the part of the kinetic energy depending on the velocities 
of the solids is divided equally among the respective degrees of freedom 


1 Whittaker, Analytical Dynamics, p. 43. 

2 Gibbs, Statistical Mechanics, p. 110. 

3 Kelvin, Phil. Mag., 1873. A good account of this work may be found in Gray's Treatise 
on Magnetism and Electricity, Vol. I., p. 250 ff. 
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on the average. The remainder of the energy cannot be divided in any 
such manner, so faras I cansee. Thus the solids and the fluid have each 
their proper energy, and in particular, that of the solids follows the 
equipartition law. The illustration is by no means perfectly suited, but 
it is the best I am able to offer. While it is hardly to be regarded even 
as a crude model of the complicated sort of mechanism necessary for the 
production of complete radiation, it serves to show that in the equilibrium 
between matter and ether all energy need not reside in the ether and 
that equipartition may exist among part—and only part—of the degrees 
of freedom. 


RESEARCH LABORATORY OF PHYSICAL CHEMISTRY, 
Mass. INSTITUTE OF TECHNOLOGY, BOSTON. 
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THE MELTING-POINT OF TUNGSTEN. 


By IRVING LANGMUIR. 


EVERAL years ago (in 1910), during an extended investigation of 
the characteristics of tungsten filaments, the need arose for a 
simple means of determining the temperatures of the filaments. The 
setting up and calibration of special pyrometers would have seriously 
delayed the work in progress, and it was therefore decided to make as 
good an estimate of the temperatures as possible from data already 
available. 

The candle power, power consumption, and resistance of the filaments 
were the quantities of most interest and most easily measured. Any 
one of these variables might serve as a basis for a temperature scale, but 
the candle power has marked advantages over the others. The resistance 
increases relatively slowly with the temperature and is very sensitive 
to the presence of impurities. The power consumption (wattage) in- 
creases more rapidly with temperature, but the law of variation was not 
definitely known. Furthermore, the wattage cannot be used to deter- 
mine the temperature in case the filament is surrounded by a gas. 

Rasch! had developed a relation between the total intrinsic brilliancy 
(H) of a black body and its temperature, which he expressed in the form 


(1) log H = ~243B. 


Haber? and Lucas’ pointed out that this equation could be derived 
directly from the Wien equation by considering the total visible radiation 
to be replaced by an equivalent monochromatic radiation. 

Crova,* however, had shown that with ordinary light sources having a 
continuous spectrum, it is possible to find a wave-length at which the 
monochromatic intensities of the different sources are proportional to 
the total intensities. Crova found this wave-length to be about .58 u. 

Nernst® tested Rasch’s equation over the temperature range from 

1Ann. Phys., 14, 193 (1904). 

2? Thermodynamik technischer Gasreaktionen (1905), p. 271. 

3 Phys. Zeitsch., 6, 19 (1905). 


4 Comptes Rendus, 93, p. 512. 
5 Phys. Zeitsch., 7, 380 (1906). 
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1400° to 2300° and determined the values of the constants A and B. 
For this purpose Nernst filaments were measured, photometered, and 
set up in front of a black body furnace and brought to a temperature at 
which they disappeared against the background. The temperature of 
the furnace was determined by means of a carefully calibrated Wanner 
pyrometer, taking the melting-point of gold as 1337° K. (1064° C.) and 
C, of Wien’s equation as 14,600. In this-way he found that the tem- 
perature of a black body could be expressed as a function of its intrinsic 
brilliancy by the equation 

m 11230 

(2) ~ §.367 — logo K’ 





where K is the intrinsic brilliancy of the black body in Hefnerkerzen per 
sq. mm. The temperatures calculated from this equation agreed within 
10° with those found by the Wanner pyrometer. The equation was also 
tested by comparing it with some data given by Lummer and Pringsheim! 
on the total brilliancy of a black body at three temperatures, 1449°, 
1597°, and 1707°. In this case the calculated and observed temperatures 
agreed within 3°. 

In order to apply the above equation to the determination of the tem- 
perature of filaments, the relative emissivity of the latter as compared 
to a black body must be known. The reflectivity of tungsten at room 
temperature (for \ = .579 w) was found by von Wartenberg? to be 48.6 
per cent. About the same time, Coblentz measured’ the reflectivity of 
tungsten over a wide range of wave-lengths. For the wave-length 
0.579 uw his result was 51 per cent., as against von Wartenberg’s 48.6. 
From these results I have estimated that the reflectivity of tungsten 
would be about 49 per cent. for the Crova wave-length of 0.56 u. 

At the time of the adoption of our temperature scale there were no 
data available for the reflectivity or emissivity of tungsten at high tem- 
peratures, but there was much evidence that in the case of other metals 
the optical properties were practically independent of the temperature 
even over wide ranges. This was especially well shown by the papers of 
Henning,’ Rubens,® von Wartenberg® and Hyde.’ 

Even if the emissivity should vary slightly with the temperature, the 
errors that would be caused by assuming it to be constant would not be 

1See Rothmud, Z. anorg. Chem., 31, 140 (1902). 

2 Verh. deutschen phys. Ges. 12, 105 (1910). 

3 Puys. REv., 30, 645 (1910); Bull. Bur. Standards, 7, 202 (1911). 

4 Zeitsch. f. Instrumentenkunde, 30, 1195 (1910). 

5 Verh. phys. Ges., 12, 172 (1910). 


® Ber. physik. Ges., 12, 121 (1910). 
7 Astrophysical Journal, 36, 89 (1912). 
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very serious. Thus from equation (2) it can be shown that a I per cent. 
error in the determination of the intrinsic brilliancy or in the assumed 
value of the emissivity would lead to errors in the temperature deter- 


mination of only 
0.4° at 1000° K. 


0.9° at 1500 
1.5° at 2000 
2.4° at 2500 
3.5° at 3000 
4.7° at 3500 

Therefore, even with a five per cent. change in the emissivity, the 
errors in the temperature scale would not exceed 24°. 

We may then safely assume, as a first approximation, that the reflec- 
tivity of tungsten at all temperatures is 49 per cent. (for \ = 0.56). 
The emissivity is thus 51 per cent. 

If we let H be the intrinsic brilliancy of a tungsten filament in inter- 
national candles per sq. cm., we have 


H 


- aa oe ss or = .0218H. 





Substituting this in (2), we obtain 


7 11230 
” ~ 7.029 — logioH” 

To determine H experimentally, it is only necessary to measure the 
candle power and divide this by the effective projected area of the 
filament. In practice the filament is usually in the form of a single loop, 
with the two legs nearly parallel. By photometering a filament of 
known diameter through a horizontal slit placed close to the lamp, and 
by making a simple geometrical correction, it is thus possible to determine 
the intrinsic brilliancy (#7) with considerable accuracy. By the use of 
the slit errors due to the cooling effect of the leads are avoided. 

The absorption of light by the bulb usually amounts to about 3 per 
cent. However, this is offset by the departure from Lambert’s cosine 
law. Worthing! has shown that ‘‘the average brightness of a tungsten 
cylindrical filament, viewed normally to its axis from a distance, is 
about 3 per cent. greater than that of the central part.’’ Since the 
reflectivity of tungsten as determined by von Wartenberg was for normal 
incidence, it is evident that the 3 per cent. increase in brilliancy from the 
above cause would just compensate for the bulb absorption. Therefore 
we may consider that H in equation (3) is the apparent intrinsic brilliancy 
of the filament, as actually photometered through the bulb. 

1 Astrophys. Jour., 36, 354 (1912). 
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In determining the intrinsic brilliancy of tungsten filaments in lamps 
running at voltages considerably above their normal rating, values of H 
as high as 6,000 candles per sq. cm. were readily obtained. According to 
equation (3), this should correspond to a temperature of 3460° K. 
Since there was always perceptible blackening of the bulb under these 
conditions it is evident that the melting-point of tungsten must be con- 
siderably above 3460°. A note to this effect was published in 1911.! 

Subsequent experiments in which the blackening of the bulb was pre- 
vented by inert gases showed that the intrinsic brilliancy at the melting- 
point is much higher than 6,000 candles per sq. cm. 

The following tables gives some results obtained in the course of 
experiments on the dissociation of hydrogen.? The wire used was one 
of pure tungsten and had a diameter of .00706 cm. The candle power 
was measured while the voltage applied to the filament was gradually 
raised. The intrinsic brilliancy at the melting-point was calculated from 
the photometer setting at the time that the filament melted. 














TABLE I. 
Gas in Lamp. 
Lamp No. —— — Candles Per Cm.?. Temp. ° K, 
| Kind. | Pressure, mm, | 
6220-1 | 2 760 | 7,020 3529 
6220-3 H, 200 6,450 3489 
6179-1 | N2 720 7,030 3530 
6179-3 Ne 200 | 7,120 3535 
6179-4 | Ne 50 | 7,060 3532 
6179-5 — 0 6,750 3510 
6321-2 | H, 720 7,050 3531 
6321-1 He 200 7,350 3551 
6435-5 H. | 750 7,460 3558 
6394-4 H, ! 200 6,850 3518 
6220-6 am 0 6,790 3513 
| Average..... 3528 


In these measurements a Lummer-Brodhun photometer was usually 
used. To avoid the large differences in color between the two light 
sources, a blue glass screen was ordinarily placed on the side towards the 
standard lamp. This glass was calibrated by means of both a flicker 
and Lummer-Brodhun photometer. 

The temperatures gives in the table were calculated according to equa- 


tion (3). 
The mean of these results is 3528° K. but since this method tends to 


1 Trans. Amer. Electrochem. Soc., 20, 237 (1911). 
2 Jour. Amer. Chem. Soc., 36, 1708 (1914). 
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give low results, weighted mean of 3540° K. would appear more probable. 
Previous experiments, made in 1911 with filaments in vacuum, had caused 
us at that time to adopt this figure (3540° K.) as the most probable 
value of the melting-point.! 


OTHER DETERMINATIONS OF THE MELTING-POINT. 


Determinations of the melting-point of tungsten by other investigators 
have usually led to lower results. 

Waidner and Burgess,” by an extrapolation of the current-temperature 
curve of about 1400°, estimated the melting-point of tungsten to be 
3470° K. (3200° C.). A little later? they redetermined the melting-point 
by similar methods and obtained 3350° K. (3080° C.). 

Wartenberg! determined the black body melting-point of tungsten 
and by estimating the emissivity, concluded that the true melting-point 
must lie between 3070° and 3120° K. Subsequently,® he made use of his 
determination of the reflectivity® to recalculate the melting-point from 
the earlier data, and thus obtained 3170° K. 

Pirani’ found, from about 1400° to 2000° K., a linear relation between 
the logarithm of the temperature and the logarithm of current through a 
tungsten filament. Extrapolating by means of this relation and applying 
a correction of about 200°, he obtained for the melting-point 3500° K. 
(Cz = 14,500). Two years later, von Pirani and Meyer® determined the 
black-body melting-point and from this calculated the true temperature 
by taking the emissivity (at \ = 0.64 u) to be 51 percent. Their result 
was 3270° K. + 60° for C2 = 14,500. 

Shortly afterwards, v. Pirani® determined the emissivity of tungsten 
at high temperatures by means of a Holborn-Kurlbaum pyrometer and 
found (for \ = 0.64 4) 48.5 + 7.5 per cent., showing that for tungsten 
the emissivity at high temperatures cannot be greatly different from that 
at room temperature (51 per cent.). 

Forsythe” used two different methods in determining the melting-point. 

In the first, an optical pyrometer was sighted on the inside of a carbon 
tube vacuum furnace containing a hairpin filament of tungsten. Thir- 
teen observations of the melting-point gave for an average 3247° K. 
(Cy = 14,500). 


1 This result was published in 1913, Jour. Amer. Soc., 35, 944 (1913). 
2 Bull. Bur. Standards, 2, 319 (1906). 

3 J. physique, 6, 380 (1908). 

4 Ber. deutsch. chem. Ges., 40, 3287 (1907). 

5 Verh. d. physik. Ges., 12, 121 (1910). *1...¢. 

7 Verh. d. physik. Ges., 12, 310 (1910). 

8 Verh. d. physik. Ges., 14, 426 (1912). 

9 Physik. Zeitsch., 13, 753 (1912). 

10 Thesis, Univ. Wisconsin, 1911. 
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In the second method, the black-body melting-point was determined 
by “balancing the lamp filaments photometrically against the heater 
tube of the furnace and taking the temperature with the optical pyrom- 
eter.” In other cases, a tungsten strip was mounted in an exhausted 
water-cooled brass vessel with windows. Twelve determinations gave 
an average of 3070° K. for the black-body melting-point. This was 
then corrected for the difference between black body and true tempera- 
tures as found by extrapolation from observations on wedges run up 
to nearly 3000°. The true melting-point determined in this way was 
3300° K., which was considered to be too high. 

Ruff! has published several results on the melting-point of tungsten 

2923° K. Ruff (Ber. d. chem. Ges., 43, 1564 (1910)). 
2858° K. Ruff and Goecke (Z. angew. Chem., 24, 1461 (1911)). 


2923° K. Ruff (Z. angew. Chem., 24, 2245 (1911)). 
3213° K. Ruff (Z. angew. Chem., 25, 1894 (1912)). 


as determined in carbon tube vacuum furnaces. 
From the results obtained by all these investigators, the most probable 
value of the melting-point would appear to lie between 3200 and 3300° K. 
This, however, is about 300° lower than the value we have found by 
the measurement of the total intrinsic brilliancy. 


SOURCES OF ERROR. 


To determine, if possible, the cause of this discrepancy, Dr. E. Q. 
Adams, of this laboratory, nearly three years ago made careful calcula- 
tions of the temperature errors that might be due to the use of total 
brilliancy rather than monochromatic intensity. This calculation was 
based on Nutting’s recalculation of Kénig’s data on visibility,? Wien’s 
equation, and Coblentz’s data on the reflectivity of tungsten. 

The equation (2) given by Nernst (and therefore also equation 3) 
corresponds to a ‘‘Crova wave-length” of 0.565 uw (taking C. = 14,600) 
Dr. Adams calculated that the true Crova wave-length should vary 
with the temperature of the light source, being about 0.575 u at 2400° 
and 0.555 at 3500° K. The errors in the temperature scale due to taking 
a constant wave-length (0.565 u) are found never to exceed 20. 

A similar conclusion may be drawn from Ives’s analysis of Crova’s 
method of photometry.’ According to Ives, the error in intensity due 
to taking a constant Crova wave-length of 0.565 u should not exceed 
about 3 per cent. in the range from 2000° to 6000° K. We have seen 

1 These results are: 


2 Bull. Bur. Standards, 5, 261 (1909) and 7, 238 (1911). 
3 Puys. REv., 32, 316 (1911). 
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that 3 per cent. error in candle power would lead to an error in tempera- 
ture of only 14° at 3500°. 

It is therefore evident that the discrepancy of 300° cannot be due to 
the use of Crova’s method. The other possible sources of error are: (1) 
a wrong value for the emissivity; (2) a wrong value for the constant in 
the denominator of Nernst’s equation (2). 

Even if the emissivity should be 70 per cent. instead of 51 per cent. 
the melting-point by the total photometric method would still be 3400°. 
The whole of the discrepancy therefore cannot be explained in this way. 

On the other hand, to account for the discrepancy by an error in the 
constant of Nernst’s equation, it would be necessary to assume that the 
candle powers determined by Nernst were 50 per cent. too low, or that 
this temperature scale was in error by 44° at the melting-point of gold 
and 100° at the melting-point of platinum. 

The above considerations all tend to confirm the substantial accuracy 
of the value of 3540° K. as the melting-point. 

There does not seem to be any single cause that could account for 
all the lower values obtained by others. Into many of the methods, 
however, one factor has entered which tends, according to our experience, 
to lower the melting-point. This is the presence of vapors of carbon or 
compounds containing carbon. 

In the manufacture of squirted tungsten filaments the latter were 
sintered by heating to a high temperature in hydrogen. It has often 
been noticed that the presence of even minute amounts of hydrocarbon 
vapors in the hydrogen very materially lowers the melting-point and 
increases the specific resistance. When a filament is quickly raised to 
its melting-point under these conditions, it is sometimes found that the 
surface layer melts and runs together in uniformly spaced beads along 
the wire, showing that the surface layer has a much lower melting-point 
than the pure tungsten core. These effects are noticed equally well 
with drawn tungsten wire as with squirted filaments. 

Other experiments have shown conclusively that carbon not only 
lowers the melting-point and raises the resistance, but increases the 
emissivity. The quantities of hydrocarbon vapor given off by vaseline 
or stop-cock grease at room temperature in vacuum are sufficient to 
bring about these changes in a very short time. 

The presence of carbon vapors in the experiments of Ruff and in those 
of Forsythe (1st method) could readily account for a lowering of the 
melting point of 300° or more. This objection does not apply, however, 
to Forsythe’s determination of the black-body melting-point of the fila- 
ment of an evacuated lamp. Only the results of one experiment of this 
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kind are recorded. The presence of carbon vapors, however, may have 
led to too high a value for the emissivity. Calculating from the difference 
between the black body and the true temperatures given by Forsythe, 
the emissivity at the melting-point was found to be 61 per cent. If the 
value 51 per cent. had been taken instead of 61 per cent., the result would 
have been 3395°, instead of 3303°.! 

At a later date, Mendenhall and Forsythe® gave the results of deter- 
minations of the emissivity of tungsten at high temperatures. They 
concluded that the emissivity varies from 45 per cent. at 1400° K. to 
66 per cent. at 3200° K. In these experiments, however, hydrocarbon 
vapors were present and there is a possibility that the errors were caused 
by the opening of a crack at the back of the V made from the two strips 
of tungsten. 


NEW EXPERIMENTS ON MELTING POINT OF TUNGSTEN. 


In view of the difficulty of reconciling the value 3540° with the other 
determinations, it was decided to redetermine the melting-point by 
methods which would be free from the objections of the total photo- 
metric method. An essential part of such work is the determination of 
the emissivity at high temperatures. 

Two methods were used. In the first, the black body melting-point 
of large filaments in nitrogen was determined and the emissivity was 
found from measurements on helically wound filaments of various sizes 
in vacuum and in nitrogen. The second method consisted of measuring 
the brilliancy of a surface of molten tungsten and simultaneously deter- 
mining the brilliancy of the image of a second surface of molten tungsten 
reflected in the first. Thus the reflectivity of molten tungsten was 
determined directly. 

Pyrometer. 

The pyrometer used was of the Holborn-Kurlbaum type and resembled 
very .closely that used by Worthing and Forsythe in the Nela Research 
Laboratory.’ ; 

To avoid the errors due to diffraction, pointed out by Worthing and 
Forsythe, no changes were made in the settings of the apparatus through- 
out the whole series of measurements. Focusing was always done by 
moving the background lamp. 

Screens. 

Several nearly monochromatic screens were used in the eyepiece of 
the telescope. 

1If the emissivity be taken as 0.46 per cent., the value found as a result of the present 
investigation, Forsythe’s data would lead to a melting-point of 3450°. 


2 Astrophys. Jour., 37, 380 (1913). 
3 Puys. REv., 4, 163 (1914). 
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Screen a.—This consisted of a double thickness of Schott and Gnossen’s 
red glass No. 4512. This screen was kindly given me by Dr. Forsythe 
and is the same as that used in most of his work. Examined with a 
spectroscope, using a strong source of light (high efficiency tungsten 
lamp), the transmitted band is seen to extend from .637 to .730 wu, with 
a maximum at .658yu. The center of gravity is seen to lie above the 
maximum, and by observation was estimated to lie at .661 yu. 

Screen b.—Wratten and Wainwright green gelatin screen No. 74 
(also marked e’”’). This transmits from .514 to .573 with a maximum at 
539. 

Screen c.—A combination of Wratten and Wainwright screens 15 and 
45. This transmits a narrow symmetrical band with the limits 0.513 
and .553. The maximum transmission and the center of gravity appear 
to be at 0.530. 

To determine by independent means the equivalent monochromatic 
wave-lengths of these screens, the relative brilliancy of a large nitrogen 
filled lamp (filament straight, not helically wound) was measured by a 
Lummer-Brodhun photometer at a series of different temperatures, 
using successively the different screens in the eyepiece. 

According to Wien’s law, the intensity EZ, of the light of wave-length 
M1, emitted by a body at any temperature T, is given by 


b 
log FE = a Hr’ 


where b = .4343C2 and a; is a constant. For any other wave-length do, 
the intensity E, will be given by 


b 
log E, = de ~ yer’ 


where a2 may be different from a. 
Eliminating T from these equations, we obtain: 


de r 
log E; = (a, — ) 4 — log EF. 
M1 Ai 


Therefore, by plotting log E; against log EZ, a straight line of slope 
X2/A1 should be obtained. 

The values of E obtained by photometering the large lamp with the 
various screens were plotted in this way. By assuming that the equiva- 
lent wave-length \ of screen c was 0.530, the wave-lengths of the others 
were found from the slopes of the lines on the plot. 

The values for the equivalent wave-lengths found in this way are given 
in the second column of the following table, together with those estimated 
by direct spectroscopic examination (third column): 
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Screen. By Phevometer. By Qpectrescepe. 
a | 0.667 0.661 
b | 0.537 | 0.539 
c | «E5301 | 530 


Only the screens a and b were used with the pyrometer. The wave- 
lengths used in the calculation of the temperatures were those found by 
the photometric method. 


Calibration of Pyrometer. 


The first step in the calibration of the pyrometer was the determination 
of the relation between the luminous intensity of the pyrometer filament 
and the current flowing through it. This was accomplished by means of 
three rotating sectors (ratios 1/5, 1/20 and 1/100) and also by comparison 
with the large nitrogen filled lamp which had previously been photometered 
through the screens, a, b,and c. Since the lamp had been photometered 
through a slit which screened off the cooled portions of the filament near 
the leads, the intensities determined by the photometer should be pro- 
portional to those observed in the pyrometer. 

The range over which the lamp had been photometered was a wide 
one, corresponding to temperatures from 1850° to 3040° K. The inten- 
sity between these limits increased about ninety-fold with the red screen 
and nearly 300-fold with the green. By the use of the sectors, it was 
therefore possible to obtain four curves of the relation between intensity 
and pryometer current, which overlapped one another to such an extent 
that the accuracy was much higher than could have been obtained with- 
out the sectors. Curves of this character were prepared with both 
screens a and b. 

The second step was now to determine the current through the pyrom- 
eter lamp corresponding to one or more fixed temperatures. 

A porcelain tube black-body furnace was set up to calibrate against 
the melting-point of gold. 

Another furnace, consisting of a molybdenum wound alundum tube 
in a hydrogen atmosphere, was used for the melting-point of copper. 

Several determinations of the black-body melting-point of platinum 
were made. 

Finally, the pyrometer was checked against a heavy-filament, evacu- 
ated tungsten lamp which had been calibrated by Dr. W. E. Forsythe 
against a black-body furnace at the melting-point of gold and at the 
melting-point of palladium. 

In comparing the observations at these different temperatures, applica- 
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tion was made of Wien’s law using C2; = 14,390u. This value was 
chosen as a weighted mean of Warburg’s value 14,370! and Coblentz’s 
value 14,456.” 

The temperature scale was then so fixed that the mean of the results 
obtained for the gold melting-point agreed with Day and Sosman’s 
value, 1062.4° C. In the following table the “observed melting-points”’ 
were those found with the pyrometer calibrated in this way. In each 


case, screen @ was used. 
TABLE II. 
Calibration of Pyrometer. 





Observed Actual Melting Point. 
a. Point. - 
. ° K, ° e. 
SERINE peer Ren py ea arg nas 1335 1335.4 1062.4 
PY Renee ka Calis Wale Sao eRe 1332 - sie 
Re and uk ee euiote aman alec eS 1338 ss - 
ie iti saidih Rach shee hak on ana kas 1358 1356 1083? 
Platinum (in nitrogen)............ 2022 2026 1753° 
3 (9 MEEPOSEN).... . . . 655s 2024 2026 1753 
= OT a rr 2040 2026 1753 
‘i 0 Ee 2037 2026 1753 
Gold (Fosythe’s lamp)............ 1338 1335.4 1062.44 
Palladium (Forsythe’s lamp)... .... 1824 1822.2 1549.2° 





The data for platinum were found by determination of the black-body 
melting-point of short loops of pure platinum wire (.025 cm. diameter). 
Three of these were mounted in incandescent lamp bulbs which were 
exhausted. and filled with pure nitrogen. One of these bulbs was acci- 
dentally cracked so that air entered the bulb. With each of these lamps, 
after the platinum wire had been melted, the bulb was broken open 
and its absorption was determined (usually about 9 per cent.).6 The 
fourth determination of the platinum melting-point was made with 
a loop of wire in the open air. In each case, by careful exploration of 
the temperatures along the wire while somewhat below the melting-point, 
‘it was possible to observe the wire at the place where it ultimately melted. 

From these black-body melting-points the ‘‘true’’ melting-points were 
calculated by taking the emissivity (for \ = .667) to be 33 per cent., the 
value recently given by Burgess and Walterberg.’ 


1 Ann. Phys., 40, 609 (1913). 

2 Jahrb. d. Radioakt., 10, 340 (1913). 

3 Day and Sosman, Puys. REv., 30, 412 (1910). 

4 Day and Sosman, Puys. REv., 30, 412 (1910). 

5 Day and Sosman, Journ. de Physique, 5, 899 (1912). 

6 This 9 per cent. includes reflection from the inner and outer surfaces of the bulb and is 
not all due to absorption. With the photometer the correction for bulb absorption is much 
less ( 3 per cent.), because the reflected light is not lost. 

7 Puys. REv., 4, 546 (1914). 
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It is interesting to note that the melting-points determined in air 
are about 15° higher than those found in nitrogen. If, however, the 
emissivity in air had been 35.6 per cent. instead of 33 per cent., this 
difference would be accounted for. Through the pyrometer the surface 
of the platinum wire appeared to be rather rough, or pitted, as compared 
with the usual surface of tungsten wires. Considering the uncertainty 
in the emissivity, the agreement with the results of Day and Sosman is 
very satisfactory. 

Having thus calibrated the pyrometer with screen a it was now 
calibrated with screen } by setting up the black-body furnace before the 
pyrometer and comparing the readings obtained with the two screens. 


Emissivity of Solid Tungsten. 

Upon throwing an enlarged image of the helically wound filament of 
a nitrogen filled lamp upon a screen, one is struck by the relatively large 
difference in the intensity of the light from the interior and exterior 
parts of the helix. With a portable Weber photometer the intrinsic 
brilliancy of these adjacent parts of the 
image were found to differ by a ratio as 
large as1:2. Examination of the image 
seemed to show that this effect was not due 
to a difference of temperature between the 
inside and outside, for there were small 














areas on the inside which were approxi- 
mately the same intensity as the outside 
surface and on the other hand, there were Fig. 1. 

strips along the edges of the outside portions 

which were nearly as bright as the brightest portions inside. 

The difference in intensity appeared to be due entirely to reflection of 
light from one portion of the helix to another. In Fig. 1 is represented 
a longitudinal cross-section of a filament of this kind. The typical paths 
followed by light rays reflected from such a filament are shown by the 
letters A, B, C, D. In the case A there is no opportunity for multiple 
reflections and brilliancy of the surface is therefore the same as that of a 
straight filament. The ray B, however, is reflected several times and 
the intensity therefore approaches closely to that of a black-body at the 
same temperature. It is evident that narrow strips on each side of the 
wire, as indicated by the heavy lines at E, should appear to be of higher 
intensity. Similarly, the ray C is reflected many times, while D is only 
reflected once. Therefore there should be a very narrow strip in the 
position indicated by F, where the intensity is as low as that at A and on 
each side of this the intensity should be high. 
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Examination of an enlarged image of the filament clearly shows the 
presence of the dark and light portions in the positions to be expected. 

Furthermore, if the helically wound filament is in the shape of a V 
with the two legs close together, the reflection of one leg in the other is 
clearly visible and the intensity of the reflected image can be measured 
approximately. 

That the variations in the intensity cannot be due to temperature 
differences can be calculated readily from the known energy input and 
from Worthing’s data! on the heat conductivity of tungsten at high 
temperatures. Even if we assume the whole of the heat to be generated 
at the inner side of the wire and all radiated from the outer surface, the 
difference in temperature for a wire 0.5 mm. in diameter would not 
exceed about 5° with the filament at 2900°. Actually, however, the 
effect must be much less than this, especially with the smaller wires and 
lower temperatures. 

A determination of the relative brilliancy of the brightest and darkest 
portions of a helically wound filament may therefore serve as a basis for 
calculating an approximate value for the emissivity. However, because 
of the departure from true black body conditions within the helix, this 
value will always be somewhat higher than the actual emissivity. 

Three lamps were made up with helically wound filaments from wires 
of different sizes. The filaments were wound so as to be all geometrically 
similar. Thus, in each case, the mandrel on which the helix was wound 
had a diameter 1.5 times that of the wire used, and the pitch of the helix 
was 1.33 times the diameter of the wire, so that the space between con- 
secutive turns was 0.33 of the diameter. The diameters of the three 
wires were 0.202, 0.305 and 0.635 mm. 

Each filament consisted of a V containing 30 turns per leg. The 
filaments were mounted in large bulbs filled with pure nitrogen. The 
results obtained with these lamps are given in Table III. The currents 
given are those which were necessary to heat the helical filament to the 
temperature indicated. The last column gives the ratio between the 
brilliancy of the outside part of the helix and that of the brightest portion 
inside. If strictly black-body conditions prevailed inside the helix, this 
-ratio would be the true emissivity of tungsten. Actually, however, the 
emissivity must be less than this. 

The fact that the emissivity found in this way does not vary appre- 
ciably with the diameter of the wire nor with the temperature, is con- 
firmation of our theoretical conclusion that the difference in brilliancy 
between the inner and outer portions cannot be due to a difference in 
temperature. 

1 Puys. REv., 4, 535 (1914). 
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TABLE III. 
Emissivity of Tungsten by Observation of Helical Filaments. 
Lamp No. iment Cm. Current, Amps,| omIP svt Tn | Gene 

1 0.202 3.04 | 2040°K. .50 | — 
4.52 | 2720 AT | — 

2 0.305 | 7.66 | 2050 52 _ 
| 12.64 | 2870 51 _ 

3 0.635 | 16.26 | 2030 51 | — 
| 274 | 2820 52 _ 
4 | 0.635 | 7.7 | 1430 .507 512 
| 15.3 | 2070 497 | .538 

5 0.635 9.6 | 1450 465 | 481 
| 16.0 ' -2060 468 485 

| 28.4 2950 | 465 502 

6 0.51 | 15.0 2320 || Sl S10 — 
| 20.0 2900 | 486 | — 


22.0 (3110 =| ABA — 


The helical filaments of lamps 1, 2, and 3 were wound with such a 
large spacing that the conditions inside the helix did not approach very 
closely to those in a black-body. To overcome this difficulty as far as 
possible, lamps 4, 5, and 6 were made up with helical filaments in which 
the spacing between turns was made as small as was found practicable 
without too great danger of short-circuiting adjacent turns. The 
average spacing was roughly } of the diameter of the wires. Lamp 4 was 
evacuated and the tests were made with the lamp in this condition. 
Lamps 5 and 6 were filled with pure nitrogen. The filaments in each 
case were aged before the measurements were made, as preliminary tests 
showed that unless this was done the emissivity was much higher (about 
0.60). 

The emissivities obtained with lamps 4, 5 and 6 were consistently 
lower than those found with the first three lamps. Judging from the 
data obtained with lamp No. 5, the true emissivity must be 0.465, or 
lower for a wave-length \ = 0.667 (screen a) and 0.485 or lower for 
A = 0.537. 

By another method, which will be described below, the emissivity of 
molten tungsten was measured and found to be .425, while the emissivity 
of solid tungsten was seen to be distinctly greater than that of the liquid. 

From these considerations, we may adopt 0.46 as the most probable 
value of the emissivity of solid tungsten for \ = .667. For green light 
(AX = .535), we may take the emissivity to be 0.48. These values are in 
good agreement with Littleton’s' determination of the reflectivity of 

1 Puys. REv., 35, 308 (1912). 
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ductile tungsten at room temperature. Littleton found R = 0.545 for 
X = .589, which corresponds to an emissivity of .455 for this wave-length. 
Evidently, the reflectivity of tungsten does not change appreciably over 
the whole range from room temperature up to the melting-point. 


Melting Points of Tungsten Filaments. 


Several lamps were made up containing short filaments (about 6 cm. 
long) mounted in the form of a single hair pin loop. The bulbs were 
exhausted while heated an hour to 360° C., filled with pure, dry nitrogen 
and sealed off. 

These lamps were set up, one by one, on the pyrometer, the temperature 
of the filament was gradually raised to about 3100°. 

The temperatures of the filament were not quite uniform, the hottest 
parts usually being about two thirds of the way from the tip to the lead. 
The lower portion was cooled somewhat more by convection currents than 
the upper part, while the upper third was cooled by conduction of heat to 
the leads. By tilting the lamp slightly, so that one leg of the filament was 
vertical while the other was somewhat inclined, the temperature of the 
vertical leg became distinctly higher than that of the other. The hottest 
point of each filament was located by exploration with the pyrometer 
and it was thus always possible to sight the pyrometer on the portion at 


TABLE IV. 





Screen a. 





| Filament Diameter, 











| 
Lamp No. | Gn. Temp. of Melting Point. 
| Black Body, A = 0.667. True. 
7 | 0254 | 3134° K. 3532° K. 
8 | .0254 | 3129 | 3526 
9 | .0254 | 3137 3535 
10 .0127 | 3111 3503 
11 | .0127 | 3143 3544 
12 | ss «O127——— 3149 3552 
| eeeeeeeerree eee errr eee ee 3134 3532 _ 


which melting first occurred. The life of the filaments at the highest 
temperature was so greatly increased by the surrounding atmosphere of 
pure nitrogen that the temperature could be raised very slowly to the 
melting-point. Usually, the actual melting lasted for several seconds, 
so that accurate pyrometer settings could be made. 

After the filament had burned out the bulbs were broken open and the 
absorption coefficient of the bulb was determined. In every case this 
was approximately I0 per cent. 
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Table IV. gives the results obtained in this way. The black-body 
temperatures have been corrected for bulb absorption. The true tem- 
peratures were calculated from black-body temperatures by taking the 
emissivity (for \ = .667 u) to be 0.46. 

The filaments of lamps 9, 10, and 12 were of exceptionally pure tung- 
sten, while the filaments of lamps 7, 8, and 11 were of “‘thoriated tung- 
sten’’; that is, tungsten made from a mixture of pure tungsten with about 
13 per cent. of thorium oxide. It is evident that the presence of the 
thorium oxide does not appreciably lower the melting-point. 


Determination of Emissivity and Melting-Point by Means of an Arc 
between Tungsten Electrodes. 


An alternating current arc was made to pass between two tungsten 
electrodes in nitrogen at atmospheric pressure. With sufficiently high 
current density the ends of both electrodes melted and formed mirror-like 
convex surfaces in which multiple reflections of the two electrodes could 
be seen. These surfaces were maintained above the melting-point 
without perceptible change, for periods of half an hour and more, during 
which time the intrinsic brilliancy of the molten tungsten and of the 





Fig. 2. 


successive reflected images were repeatedly measured. This gave a 
direct determination of the reflectivity of molten tungsten and a simul- 
taneous measurement of the black-body temperature. 

The shape and relative positions of the two electrodes are sketched in 
Fig. 2. The dimensions of,the electrodes were approximately as follows: 
greatest diameter 2.0 mm.; distance apart I mm.; least diameter 0.3 
mm.; length of large part 2.5 mm. 
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The extent to which the ends melted could be controlled by adjusting 
the current. At first only a small wandering spot of molten metal was 
seen, but with larger currents the end of each electrode became uniformly 
melted and assumed a slightly convex form in which the opposite electrode 
formed a beautifully reflected image (B, Fig. 1) of elliptical shape. Inside 
of this image could be seen a series of concentric ellipses which constituted 
the successive multiple reflections between the two electrodes. Alto- 
gether, four such images could be distinguished, although only the first 
two were large enough to allow accurate determinations of their intrinsic 
brilliancy. 

The molten tungsten was readily distinguishable in the pyrometer from 
the solid. In the first place, the solid tungsten always appeared brighter 
than the molten tungsten in contact with it. Furthermore, the crystal- 
line structure of the solid could be clearly seen, especially if it had 
previously been melted. 

The surface of the molten tungsten was always perfectly uniform and 
entirely devoid of visible structure. 

The arc itself was practically non-luminous. A reading of the pyrom- 
eter when set on the space between the two electrodes showed an intrinsic 
brilliancy only 1.0 per cent. of that of the electrodes. This measurement 
gives the scattered light in the pyrometer as well as from the arc itself. 

If we let 7 be the reflectivity of tungsten and take as the unit of intrinsic 
brilliancy that of the surface of molten tungsten at A (Fig. 2), then the 
brilliancy of the first image (B) should be 1 + 7 and that of the second 
image (C) should be 1 ++7+ 7°. The average of about twenty closely 
agreeing determinations of intrinsic brilliancy on two pairs of electrodes 
using the screen a, gave the result shown in Table V. 


TABLE V. 
Reflectivity of Molten Tungsten 


Screen a. 





Relative Brilliancy. 





Surface. : Calculated 
Observed. | Theoretical. — 
Scr eaeee | 1.00 | 1.00 1.00 
RE 1.59 i+? 1.575 
ae I l+r+P 1.905 


The observed ratios are in good agreement with the theoretical relation 
if we take the reflectivity 7 to be 0.575. This corresponds to an emis- 
sivity of .425 for molten tungsten (A = 0.667). 

In measuring the black-body temperature of the molten tungsten in 
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determining the melting-point, care was taken to observe a portion of 
the surface close to the edge of the molten pool, to avoid errors due to 
superheating of the liquid. The observations were made with the line 
of sight as nearly normal to the surface of tungsten as possible, for the 
departure from Lambert’s cosine law would otherwise cause errors. 

Several determinations of the black-body melting-point with the red 
screen (a) gave, after correction for bulb absorption (10 — 17 per cent.), 
an average of 3124° K. for \ = (.667). 

This corresponds to a true temperature of 3566° K. if we take the 
emissivity of molten tungsten (for \ = .667) to be 0.425. 

Only one determination of the black-body temperature was made 
with the green screen (b) and this gave 3322° K. (for \ = 0.535). 

The emissivity of molten tungsten was not measured with the green 
screen, but if we assume that the difference between the emissivity for 
green and red is the same for molten as for solid tungsten, we may take 
0.445 as the emissivity of the liquid for green light. This gives for the 
true temperature of the melting-point 3550° K. a value 16° lower than 
that found with the red screen. 


DIscussION OF RESULTs. 

Let us now examine the sources of error involved in the three methods 
we have used. 

The errors of the total photometric method we have already discussed, 
and our conclusion that this method should not be seriously in error is 
amply verified by the results obtained by the last two methods. Thus, by 
the total photometric method we have obtained 3540° as the most prob- 
able value for the melting-point, while the pyrometer observations on 
filaments have given an average of 3532° and the observations on the 
arc electrodes, 3566°. 

The main sources of error in the pyrometer methods are: 

1. Errors in calibrating at the gold or palladium melting-point. 

2. Errors in determining the equivalent monochromatic wave-length 
of the screens. 

3. Errors in the constant C2 of Wien’s equation. 

4. Errors in calibrating the foreground filament. 

5. Errors in determining the emissivity. 

6. Errors in taking the pyrometer readings. 

The errors in calibrating against the gold and palladium melting-points 
are probably not over 2 or 3° at the gold point 1335° or 5° at the palladium 
point. An error of 1° at the gold point would cause an error of 7° at the 
tungsten melting-point. 
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Probably the greatest source of error is in determining the equivalent 
wave-length for the screens.! If we assume that the calibration at the 
palladium point is correct, then an error of I per cent. in determining 
this wave-length (or a I per cent. error in C.) would cause an error of 32° 
at the tungsten melting-point. The value \ = 0.667, which we have 
taken for the red screen, is perhaps a little too high, although it is certain 
that it cannot be less than 0.661. There is thus a possibility that this 
wave-length is nearly I per cent. too high. If so, the values for the 
melting-point should be lowered about 30°. 

An error of I per cent. in measuring the brilliancy of a filament in- 
volves an error of 6° with the red screen, or 5° with the green at the 
tungsten melting-point. 

The melting-points determined by sighting on filaments should tend 
to be low, whereas those found by observing molten tungsten should be 
high. The most probable value is the mean of the two. Taking the 
pyrometer measurements on the filaments and the arc electrodes (with 
red screen only), we thus obtain 3549°. In view of the fact that the 
equivalent wave-length of the screen may have been taken too high, we 
can hardly do better than accept as a final result, the value we have 
previously obtained by the total photometric method, namely, 3540°. 

Taking all the known sources of error into consideration, it would 
seem hardly possible that the error involved in these results should 
exceed + 30°. 

SUMMARY. 

Observations on evacuated and on gas-filled tungsten lamps indicate 
that the intrinsic brilliancy of solid tungsten, at a temperature just below 
the melting-point, is about 7,200 international candles per sq. cm. 

According to Rasch’s equation, with constants determined by Nernst, 
and with an emissivity determined by v. Wartenberg, Coblentz and v. 
Pirani, this intrinsic brilliancy should correspond to a temperature of 
3540° K. for the melting-point. 

An analysis of the sources of error of this method gives no reason to 
suspect an error greater than 50°. 

Two other methods for determining the melting-point by means of a 
Holborn-Kurlbaum pyrometer are also used. 

In the first method, the black-body temperature of tungsten filaments 
heated to their melting-point is determined, while the emissivity is 
measured by observations on helically wound filaments. 

In the second method, an alternating current arc is passed between two 


1At the Washington meeting of the American Physical Society, April 24, 1915, Dr. Hyde 
gave the effective wave length of transmission of the red glass screen, a, as 0.664 yp. 
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tungsten electrodes placed close together in an atmosphere of nitrogen, 
and the current is increased until the surfaces of both electrodes are 
molten. By measuring the intrinsic brilliancy of the molten surface, 
as well as that of the image of one electrode reflected in the other, the 
black-body temperature and the reflectivity can be simultaneously 
measured on the same surface. 

The first of these methods gave for solid tungsten an emissivity of 0.46 
(for \ = 0.667 ») and an average melting-point of 3532° K. 

The second method gave as the emissivity of molten tungsten 0.425 
(for \ = .667 w) and a melting-point of 3566° K. 

From a consideration of the sources of error involved in the deter- 
mination, it is concluded that the most probable value for the melting- 
point of tungsten is 3540° K. + 30°. 

The writer wishes to express his indebtedness to Dr. W. E. Forsythe 
for his help in the calibration of the pyrometer, and to both Dr. Forsythe 
and Prof. C. E. Mendenhall for valuable suggestions as to the use and 
construction of the pyrometer. He also wishes to express his appreciation 
of the valuable coéperation and assistance in all the experimental work 
rendered by Mr. G. M. J. Mackay and Mr. C. V. Ferguson. 


RESEARCH LABORATORY, 
GENERAL ELECTRIC COMPANY, 
SCHENECTADY, N. Y. 
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THE CATHODE FALL IN GASES.! 


By C. A. SKINNER. 


Each column of potentials in the tables (III, IV and V) was obtained 
with fresh gas at approximately the pressure indicated at its head—the 
current density always being accurately maintained at the value indi- 
cated at the top of the table. 

At lower gas pressures the potentials begin to diverge distinctly from 
the fairly constant values found here. At higher gas pressures the mean 
free path of the electron is too small to allow of reliable measurements 

- being made with a probe wire of practical size. 
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-/5 -/0 -5 0 
No. M. F. P. from Cathode. 
’ Fig. 1. Potential Curves in Hydrogen. 


On comparing the individual values, given by the various gas pressures, 
with their means (column 7) we feel justified in concluding that over the 
range of pressures giving a constant value for the normal cathode fall, 


1 Concluded from the June number, Vol. V, p. 496. 
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the potential at a given number of mean free paths from the cathode is simply a 
function of (jX*). That is, it isa function of the ratio of the current density 
to the square of the gas pressure. 

The means in columns 7 are plotted as curves in Fig.1. These potential 
curves show the interesting fact that the potential gradient approaches a 
constant maximum value as it nears the cathode.!. This brings out a 
distinct similarity in the form of the gradient on the two sides of the 
negative glow—rising gradually as it does to a constant value in the un- 
striated positive column. 

Test of the Theory by the Potential Curves——From the expressions in 
(18) (I. c., p. 488) we may write for any point x;, having a potential V,, 


Vo - Vi < { Ke jhe (2—*) \ 
nN 








- %1 — Xe 3/2 (24) 
r | Ken jneye (? r i es +e 
from which 
fo. Pacts 
(jr)12 (2=*)" 
oN 
< -= (Ve — Vi — of** + €° }** (25) 
(jx)? (~ - *) 
r 


The values for these upper and lower limits of K were calculated by 
substituting from the means of Tables III., IV. and V. the values at 2 
m.f.p. the locations of x» being obtained from the curves of Fig. 1. The 
magnitudes thus obtained for K were 








| ** Normal,”’ 2 ‘*Normal.”’ ex* Normal.” 
Lower limit of K..............44. | 10.3 9.5 9.8 
ee a 12.8 12.1 12.8 


These agree in indicating, as expected, that K does not change with 
current density. 

Their mean value 11.5 was assumed as the correct magnitude, and 
therefrom the two limiting potential values calculated for each current 

1 This is very different from the impression one gets from using the much less reliable 
method of measuring the gradient with two parallel wires, usually several mean free paths 


apart. One then is led to indicate the gradient as a continuous curve rising to a very large 
magnitude in front of the cathode. 
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TABLE III. 


Potential Difference between Cathode and Points in the Gas at a Given Number of Mean Free 
Paths from it. For Normal Current Density: (jd = .038). 


Gas Pressures, 





No. of m. f. p. |—— — - —— ——j| Means. 
1.1mm. 16mm. | 2 mm. | 2.5 mm, 3 mm. 

2 101 volts 99.5 | 98 101.5 98 99.5 
3 114.5 114 / 112.5 111 109.5 112 
4 128 127.5 121.5 | 125 120 123 
5 141.5 142 134.5 | 135 127 136 
7 165 164 154.5 | 155.5 145 155 
9 181.5 181 171 167 163 173 
11 191 187 183 177 176.5 183 
15 200 196.5 193 | 189 192 194 


| 
| 
| 


TABLE IV. 


Potential Difference between Cathode and Points in the Gas at a Given Number of Mean Free 
Paths from it. For Twice Normal Current Density: (jd = .076). 

















Gas Pressures. 
No. of m. f. p. | ——-————- -—--——— —— Means. 
1.1mm. 1.6 mm. 2mm. 2.5 mm. 3mm. | 
2 120 volts 130 124 131 130 127 
3 138.5 145 141.5 144 144.5 143 
+ 154.5 161 152 157 157 156 
5 | 170 — 165 — | 167 
6 — 185 177 177 172 178 
7 191 _— — 184 — 187 
8 — 198 193 192.5 190 193 
9 203 
10 203 201 198 200 200 
12 207 204.5 203 201 205.5 204 
TABLE V. 


Potential Difference between Cathode and Points in the Gas at a Given Number of Mean Free 
Paths from it. For Four Times Normal Current Density: (j\? = .152). 


Gas Pressures. 





— Means. 

















No, of m. f. p. — - eee 
1.1mm, 1.6 mm. 2mm. | 2.5 mm. 3mm. 
2 149.5 volts 160 162.5 168 | 174 163 
3 173 177 180 184 | 186 180 
4 191 195 192.5 198 | 202 196 
5 205.5 208 — 206 | — 206 
6 {—— — 218 — | 216 217 
7 | 224 223 — 221 | — 223 
10 | 226 | 225 229 222 | 232 227 
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density by substitution in their respective expressions on the right hand 
side of (24). The observed potentials at two mean free paths from the 
cathode were used in each case as the starting point, and the number of 
mean free paths from the cathode to the negative glow (point of zero 
gradient) were obtained from the curves of Fig. 1. 

TABLE VI. 


Comparison of Calculated with Observed Potentials. 



































Dist. | ‘** Normal ”’ | ‘** Twice-Normal "’ ‘* Four-Normal "’ 
— Current Density. = Current Density. Current Density. 

(m.f.P.) Calc, Limits.| Obs. | Calc. Limits. | Obs. Calc. Limits.| Obs. 
2 77 78 | — | 100 | 102 | — | 129 | 131 | — 
1 88 | 88 | — | 112 | 113 | — | 146 | 146 | — 
2 100 100 100 127 6| «(ta 127 163 | 163 163 
3 112 109 112 142 | 139 143 179 177 180 
4 123 119 123 155 | 150 156 194. | 189 196 
5 134 128 136 167 | 161 167 208 199 206 
6 144 = 136 — | 179 | 170 178 220 206 217 
7 154 144 155 190 | 178 187 229 —_— | 223 
8 164 152 — 199 | 184 193 — sq>——- dl 
85 | — | — | — | — |; — | — | 238 | 219 | 227 
9 172 | 158 | 173 | 207 | — | — | | 

10 180 163 | — | 214 | — | 200 | | 

11 187 168 183 — — — | 
11.5 —_— — — 220 199 204 

12 193 169 | | 

13 199 | — | | 

14 203 — 

15 | 205 181 194 | 


These theoretical values are given in Table VI. along with the cor- 
responding observed magnitudes—the means of Tables III., IV. and V. 
The observed values, with very slight exceptions, are consistent with 
the calculated limits. 

Mobility of the Positive Ions —The quantity K will obviously serve for 


calculating Pa the mobility of the positive ions. As used in (17)—I. c., p. 
488—this mobility is defined as the velocity of the ions in unit electrostatic 
field. In calculating the above value of K the potentials were measured 
in volts, the current in milliamperes, and the mean free path of the elec- 
tronsin millimeters. The theory is developed however with the c.g.s.e.s. 
system of units as a basis. Using this system for the electrical units 
and \ in centimeters we obtain for the corresponding values of K. 





In Practical Units. In c.g.s.e.s. Units. 


Mean of lower limits of K............. 9.9 2 xte 
Mean of upper limits of K............ 12.6 2.4 X 10-4 
I ssi ncitentticcernsinnncns 11.5 2.2 X10-+ | 
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Using the c.g.s.e.s. values for K it follows from (17), (17a) and (24) 
that 


- _ 16nd 
k= 9K? ’ 
This gives for a gas pressure of one millimeter (\ = .072 cm.) the 


values of corresponding with those of K in the preceding table. 


In Unit Electrostatic | In Field of One Volt 


Field. per Cm. 
ai nneeaieee ween 6.7 X 108 cm /sec. 2.2 X 104 cm./sec. 
eM EE. oo eccevnscescosses | 10.8 x 108 3.6 X 104 
Mean (K = 2.2 X 10).............. 8.2 X 108 2.7 X 104 


These values of a are about six times the magnitude as customarily 
obtained, with, however, very much smaller potential gradients per 
mean free path.! 

There is no doubt that the mobility of the electrons increases at low 
pressures much more rapidly than their mean free path. The above is 
however the first experimental evidence that the same occurs with the 
positive ions. 

If we take into account the velocity as imparted by the field between 
collisions the high value for the mobility given here does not appear un- 
reasonably large. The field strengths under which the above measure- 
ments were made run up to 2 and 3 volts per mean free path of the 
positive ion—or molecule. Toa freely accelerated molecule of hydrogen 
with univalent charge, potentials of these magnitudes would impart 
velocities respectively of 1.4 X 10° cm./sec. and 1.7 X 10° cm./sec. 
The square root of the mean square velocity of the hydrogen molecules at 
ordinary temperature is about 1.7 X 10° cm./sec., or only one-eighth 
to one-tenth the accelerated velocity imparted between collisions (the 
ion considered as starting from rest after each collision). Where the 
accelerated velocity of the ion is larger than the temperature velocity 
of the molecules, we should expect a relatively larger mobility than where 
it is small compared with the temperature velocity—as has been the case 
with previous measurements. 

Test of the Theory of Rebound.—From the fact that the difference of 
potential between the cathode and any definite number of mean free 
paths distance from it is simply a function of (jd) it follows that the 
immediate fall at the cathode is also simply a function of the same 
quantity—it being assumed to be over a distance of one m.f.p. of the 


1From the value given in Winklemann for atm. pressure that at one mm. should be 
4.3 X 103 cm./sec. with one volt per cm. 








- ee 
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positive ion—or molecule. This requires that the factor P in (22) and 
(23)—l. c., pp. 492, 493—be either constant with varying current, or, that 
it be a function also of (jx). If it is a constant (22) requires the fall 
over the region of rebound to be proportional to ( jx)?8, The theoretical 
values in table VI agree closely in fixing the values of V; (at .2 m.f.p. of 
the electron from the cathode) for the different current densities. The 
following table taken from these serves to show up the nature of P. 























V, Ratios. (ja2)i Ratios. (7x2) 88 Ratios. 
77 1 113 1 .289 1 
101 1.31 -180 1.59 375 1.30 
1.69 


1300 1069 | 28S SK 488 





These prove distinctly that V; is not proportional to (jd2)?, but instead 
is, for the few current densities used, very closely proportional to (jd*)"*, 
which requires that P decrease with increasing V;. The theory, as already 
stated, requires it to increase. 

Magnitude of the Electron Current from the Cathode-——From equations 
(4) and (8)—. c., p. 486—the ratio of the electron current leaving the 
cathode j, to the total current j may be derived. 


‘ i ti—tq , Vo—Va 

Sk — at + ae ma 

JI uth 
Where p and P are the mobilities in the very low gradient region of the 
negative glow, [(x, — xa)/A] the number of m.f.p. from the cathode to 
where the potential gradient per m.f.p. drops below e, and (Vo — Va) 
the fall of potential between this point and the negative glow. 

The following table gives these magnitudes as obtained from the 
curves in Fig. 1. It may be noted that an error in locating x, has no 
appreciable effect on the result; also, that wand n being assumed to have 
the same value does not affect the results as much as the natural errors in 
the exponential quantities. 





Current Density. | (= as ) ( ete ) (4 ) Calc. 

x € J 
ee | 5 | 5.3 4 x 1074 
- he 5 | 3.4 15 x 1074 
42 x 107+ 


4X “Normal”’.......... 4 29 


These results are enlightening in that they show, under the theory 
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here advanced, what an extremely small part of the current is furnished 
by the initial ionizing agency. 

The foregoing table shows too that the ratio of electron emission to 
the current density increases with the latter. It is interesting to know 
to what magnitudes this ratio may rise. We have carefully measured 
the extent of the cathode dark space in hydrogen and found that it re- 
mains constant—about 6.5 m.f.p. from the cathode—over an extreme 
range of current densities. As the current density increases, the point 
of zero gradient approaches closer and closer to the edge of this dark 
space but never quite reaches it. This suggests, that with the highest 
current densities (there being a correspondingly abrupt rise in the poten- 
tial gradient from its zero value in the negative glow) the number of 
ionizations between cathode and negative glow could not drop much 
below six—giving an upper limit of about .o1 for (jz/j). 

In nitrogen, on the other hand, the cathode dark space decreases con- 
siderably with increasing current density—e. g., with a pressure as low as 
2 mm. it can, by increasing the current, be made to almost disappear. 
This suggests that (jx/j) may rise to a distinctly larger magnitude in 
nitrogen than in hydrogen. 

Explanation of the ‘* Normal ”’ Cathode Fall——The curves of Fig. 1 and 
calculated values in Table VI. both show that while the immediate fall at 
the cathode increases with the current density, the fall over the rest of the 
distance to the negative glow decreases. This decrease in the gas arises 
from the increased ratio of the electron current from the cathode to the 
total current, which, by the relative increase in ionization it produces, 
reduces the distance to the point of minimum gradient. 

Conversely then, as the current density is decreased, a certain point 
should be reached where the rate of decrease in the immediate cathode fall 
is just balanced by the rate of iucrease in the rest of the cathode fall. 
At that current density the cathode fall would be a minimum. 

An experimental verification of this view was incidentally obtained 
with an aluminium cathode in hydrogen at a pressure of .5 mm. The 
normal current density was sought by starting at a higher value then 
gradually reducing the current and simultaneously observing the cathode 
fall. This latter dropped to a magnitude of about 232 volts, then rose 
again with a further reduction of the current—being carried to a value 
of about 240 volts without the luminosity on the cathode indicating an 
uneven distribution of the current over its face. The observations were 

1 The above results refer of course to an aluminium cathode. With a steel cathode in 
hydrogen, and normal current density (jx/j) comes to about 5 X 10-°—which is only one 


eighth the ratiofor aluminium. This isconsistent with the well known fact that aluminium 
is a much more copious source of cathode rays than the heavier metals. 
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repeated with the same result. The current density at which this 
minimum cathode fall was observed proved to be of the same magnitude 
as the normal current density obtained at higher gas pressures. 

We may conclude therefore that the “ normal ” cathode current density 
is that giving a minimum cathode fall, which condition (neglecting small 
effects beyond the negative glow) corresponds to a minimum loss of elec- 
trical energy in sending a given current through the gas. 

Similar conclusions may be drawn from (23)—l. c., p. 493—by enquir- 
ing under what current densities the expressions on the right hand side 
have a minimum value. Inasmuch however, as this enquiry cannot be 
made to result in quantitative results, at present at least, it does not 
appear wise to burden this article with the discussion. 

I wish to express my indebtedness to Dr. A. Q. Tool for his assistance 
in the experimental work and also for valuable suggestions on the 
theoretical part. 


THE BRACE LABORATORY OF PHYSICS, 
UNIVERSITY OF NEBRASKA, 
February, I9I5. 
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On X-Ray WAVE-LENGTHsS.! 
By WILLIAM DUANE AND FRANKLIN L. HUNT. 


T its Philadelphia meeting (December, 1914) one of us presented a paper 
to this Society describing experiments on the relation between the wave- 
lengths of X-Rays and the voltages required to produce them. The X-Rays 
came from the tungsten target in one of the tubes designed by W. D. Coolidge,? 
and belonged to the general or “ white light’’ X-radiation and not to the char- 
acteristic X-radiation. The generator supplying current to the tube produced 
a roughly constant difference of potential, which was measured by means of the 
voltmeter attached to the generator and also by means of the length of sparks 
between two metal balls each 2 cm. in diameter. This gave, of course, only 
an approximate estimate of the voltage. The wave-length \, was calculated 
from measurements of the mass-coefficient of absorption u/p of the X-rays in 
aluminium, the formula being 


; = 14.9A2 (A, expressed in Angstréms). 


This method gives what may be called the effective wave-length of the X- 
rays. With V = 43,000 volts difference of potential between the electrodes 
of the tube the effective wave-length of the X-rays after they had passed 
through 2 mm. of aluminium was found to be A, = .45 Angstrém. Calling the 
ratio of the energy of a cathode-ray particle to the effective frequency of the 
X-rays h,, this gives h, = 10 X 107’, a quantity of the order of magnitude, 
but somewhat greater than Planck’s radiation constant h = 6.41 X 1077. 

The authors of this paper have repeated the experiments using a high tension 
storage battery to supply current through the tube. The difference of poten- 
tial between the electrodes of the tube was measured by means of an excellent 
electrostatic voltmeter designed by Dr. E. L. Chaffee. We calibrated this 
instrument by measuring the current flowing from the storage battery through 
a number of manganin wire coils of known resistance. The total resistance of 
the coils joined in series amounted to about one million ohms. The measure- 
ments appear to be thoroughly reliable. 


1 Abstract of a paper presented at the Washington meeting of the Physical Society, April 
23-24, IQI5. 
2 PHYSICAL REVIEW, December, 1913. 
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On plotting the logarithm of the intensity of the X-rays produced by a 
given difference of potential against the total mass per square centimeter of 
the aluminium plates through which the rays had passed, we obtained a line 
that was somewhat curved near the intensity axis, but which became nearly 
straight at a short distance from it (Fig. 1). This means that both the coeffi- 
cient of absorption and the effective wave-length of the X-rays decrease as the 
rays pass through matter. In other words a constant difference of potential 
such as that of a storage battery does not produce homogeneous X-rays. The 
coefficient of absorption and effective wave-length, however, vary very little 
after the rays have passed through several millimeters of aluminium. 
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SHEETS OF ALUMINIUM (2m* "-1083) 


Fig. 1. 


The following table contains the mass coefficients of absorption u/p and the 
effective wave-lengths \,, frequencies y, and radiation constants h, after the 
rays had passed through three millimeters of aluminium for voltages in the 
néighborhood of 35,000-40,000 volts. 





Coefficient of | Effective Wave- | Effective 


Effective Radiation 








Vattage. Absorption, p/p. | Length, d.. Frequency, ». | Constant, h,. 
35,200 1.60 | 475 X1078 | 6.32 X10"8 8.85 X 10777 
37,900 1.45 .460 x 10-3 6.52 x 10'8 | 9.22 X10" 
40,200, 1.37 451X108 6.65108 =| 9.61 K10-" 


The value of h, is in good agreement with that previously reported. It in- 


creases slightly as the voltage rises. 
As stated above a constant voltage applied to a tube does not produce X-rays 
of a single wave-length; and we therefore set ourselves the problem of deter- 
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mining the minimum wave-length that can be produced by a given difference 
of potential. For this purpose we used an X-ray spectrometer, kindly loaned 
to us by Dr. D. L. Webster. The X-rays were reflected from the 100 planes 
of calcite (CaCO,;) into a small ionization chamber containing air and ethyl- 
bromide (C2H;Br). The formula 


AX = 2a sin 8 


gives the wave-length, where @ is the glancing angle of reflection, and a = 3.04 
X 107% according to Bragg. 

Two methods of procedure are open to us: either we may maintain the 
voltage at a constant value and measure the ionization currents due to the 
X-rays reflected at different angles, or we may set the spectrometer for a given 
angle and change the voltage. The latter appears to be the better method, for 


/ 


ARBITRARY UNITS PROPORTIONAL TO IONIZATION CURRENTS 








DIFFERENCE OF POTENTIAL APPLIED TO TUBE IN VOLTS 


Fig. 2. 


the ionization currents vary in a complicated way with the coefficients of 
absorption in the crystal and ethylbromide, etc., and with the coefficient of 
reflection from the crystal, and all of these coefficients vary with the wave- 
length and glancing angle. 

We have made six series of measurements at six different glancing angles 
corresponding respectively to six different wave-lengths. The quantities 
measured were the voltage applied to the tube, the ionization current and the 


Vor. VI. 
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current passing through the tube. The last furnished a correction to be applied 
to the ionization current, for, other things being the same, the two currents 
are approximately proportional to each other. 

After correcting for variations in the current flowing through the tube and 
for the natural leak in the ionization chamber we plotted six curves (Fig. 2) 
each representing the ionization current as a function of the voltage for a 
constant wave-length. Near the axis of zero ionization currents the curves 
are almost straight and meet this axis at certain definite points making appar- 
ently finite angles (less than 90°) with it. These points represent in each 
case the minimum voltage V» required to produce X-rays of the corresponding 
wave-length Ao. If the voltage is less than Vp» no rays of the given wave- 
length Xo are produced, but if the voltage exceeds Vo X-rays of that wave- 
length are always produced, no matter how high the voltage rises within the 
limits of our battery, and there is no reason to suppose that higher voltages 
would not also produce them. Our results show that the minimum voltage Vo 
required to produce X-rays of wave-length Xo is given by the energy equation 


Vee =~ hy = —, 

0 o> 
where e = electron charge, c = velocity of light, and also that the energy 
radiated per second at this wave-length Xp is infinitely small. 

The following table contains the experimental data and the values of h 
calculated from them. 








Vo (Volts).| 6, ™ | % h 
39,150 | 2.90 .307 X10 9.77 X 108 6.39 X 10-7 
37,950 | 3.00 .318 X 107% 9.44 x 1018 6.41 X10-77 
34,900 | 3.25 .345 X 10-8 8.69 X 108 6.38 X 10-7 
32,250 | 3.50 -371 107% 8.08 X 1018 6.34 X 10-7 
28,400 | 4.00 425X107 7.06 X 10'S 6.37 X10-77 

25,000 | 4.60 .486 X 107 6.18 x 10'8 6.44 X 10-7 





Corrections for the width of the slit and of the source of the rays amounting to 
an ‘increase of 2’.5 in the value of 0) have been added in calculating the values of 
h. The average value of his h = 6.39 X 107, in very close agreement with 
the value given by Planck in the last edition of his book, namely 6.41 X 107%. 
We used an average value of e = 4.71 X 107 in calculating the energy of the 
cathode particles. Any error in estimating the grating constant a of the 
crystal enters, of course, into our measurement of Ao. Our results furnish 
strong evidence in favor of the fundamental principle of the quantum hypothe- 
sis, for they show that rays of frequency v are not produced unless the energy 
available equals hv, and also, incidentally, they prove the general correctness 
of W. L. Bragg’s estimates of the distances between the atoms of crystals. 

In attacking the problem by the other method mentioned above we kept 
the voltage as nearly constant as possible by adding cells to the battery as it 
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gradually ran down, and measured the ionization currents with the spec- 
trometer set for different angles corresponding to different X-ray wave-lengths. 
This work was done in collaboration with Dr. D. L. Webster. The curves 
(Fig. 3) representing the ionization currents (corrected as before for the natural 
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leak of the ionization chamber and variations. in the current through the 
tube) as a function of the wave-length at constant voltage show that no energy 
is radiated at wave-lengths shorter than A» given by Planck’s radiation constant. 
As the wave-length increases beyond Xo the ionization current rises, reaches a 
maximum and then rapidly falls. As stated above these ionization currents 
do not represent accurately the energy radiated. There can be no doubt, 
however, but that the energy radiated between the wave-lengths A and A + dd 
reaches a maximum value at some wave-length Am. 

A second curve (Fig. 3) represents the X-radiation that has passed through 
3 mm. of aluminium in addition to the walls of the tube as a function of the 
wave-length. The maximum in the curve is much lower than before and has 
shifted toward the smaller wave-lengths, without, however, changing the value 
of Xo. 

To sum up: a constant difference of potential applied to an X-ray tube 
produces X-rays of a great variety of wave-lengths. The radiation is not 
homogeneous. We recognize three important wave-lengths and corresponding 
frequencies associated with the constant voltage. (a) The maximum limit of 
the frequencies vp, which multiplied by Planck’s radiation constant equals 
the energy of a cathode particle as given by the product of its charge into the 
constant voltage applied to the tube. The energy radiated per second between 
the frequencies vp and vo — dv is, however, an infinitesimal of higher order 
than dv, apparently of the second, if dv is of the first order. (b) The effective 
wave-length A, and frequency »,, which are the wave-length and frequency of 
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X-rays having the same coefficient of absorption as the whole radiation. X, 
decreases and py, increases as the rays pass through matter. The ratio of 
dh. to Ao and of vp to vy is about 1.50 at 40,000 volts and after the rays have 
passed through 3 mm. of aluminium. This ratio increases as the voltage 
increases and consequently the effective frequency is not proportional to the 
voltage. It increases less rapidly than the voltage. (c) The wave-length Am 
and frequency Ym corresponding to the maximum energy radiation. These 
we have not yet determined accurately. 

We have found no evidence that an appreciable number of electrical vibrators 
in the target store up energy from two or more cathode particles and then 
radiate it in the form of a quantum hy of frequency higher than that corre- 
sponding to the energy of any one of them. 


HARVARD UNIVERSITY, 
Boston, MAss. 


MAGNETIZATION BY ROTATION. 


By S. J. BARNETT. 


1. On the electron theory it is shown? that by a sort of molecular gyroscopic 
action a body of any magnetic substance becomes magnetized when set into 
rotation, the intrinsic magnetic intensity being uniform, parallel to the axis of 
rotation, proportional to the angular velocity, and (like the magnetization of 
the earth) directed oppositely to the intensity which would be produced by an 
electric current circulating around the body in the direction of rotation. It 
is shown further that a non-magnetic substance does not become magnetized. 
The theory of the converse effect is developed in a very simple manner. An 
experimental investigation of this effect is now in progress. 

2. There is described a series of experiments, beginning in 1909, on the 
magnetization of iron rods by rotation. After the elimination of all sus- 
pected sources of systematic error there has been found and measured at 
different speeds an effect precisely similar to that required by the above the- 
ory, and inexplicable on any other theory hitherto proposed. The method 
of electromagnetic induction was used, a fluxmeter whose deflections were 
read to 0.1 mm. at the scale distance 8 m. being the chief measuring instrument. 
The intrinsic magnetic intensity of rotation, and the change of flux-density, 
maxwell ) 


cm.” 


, . gauss 
per unit speed were found to be 3.1 X 1077 — 
r.p 





and 1.9 X 10 


per r.p.s., respectively. Experiments made for a different purpose by Lebedew® 
in 1912 show that this effect does not exist in the five non-magnetic substances 
investigated. 

1 Abstract of papers presented to the American Physical Society in December, 1914, and 
April, 1915. 

2 See also S. J. Barnett, Science, 30, 1909, p. 413, and A. Schuster, Proc. Phys. Soc. London, 
24, IQII-I2, p. 121. 

3 P. Lebedew, Ann. d. Phys., 39, 1912, p. 840. 
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3. Together with the change of (residual) flux proportional to the angular 
velocity, another change proportional to its square has been found and proved 
to be due to the radial expansion of the rod produced by the rotation. 

4. The intensity of magnetization produced in the rotating iron per unit 
speed was about 1.5 X 10° c.g.s. unit per r.p.s. If the rod had been rotated 
at the speed of the earth its intensity of magnetization would have been about 
2 X 107? that of the earth, and still less if the form had been spherical. This, 
however, does not prove that the earth’s magnetization is not produced by 
the effect in question, as we are entirely ignorant of the magnetic properties 
of all substances under the conditions prevailing within almost the whole of 
the earth. Other causes are mentioned as probably accounting for at least 
part of the earth’s magnetism. Schuster has pointed out that an effect of the 
kind investigated here may explain the secular variation as well as the mean 
magnetization of the earth. 

5. Experiments, incidental to the work, on the use of a fluxmeter when 
direct and alternating flux changes occur separately or superposed are described. 


OunI0 STATE UNIVERSITY, 
June, 1915. 


